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Reconciliation of discrete and continuous versions of
some dynamic inequalities synthesized on time scale
calculus
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Abstract. The aim of this paper is to synthesize discrete and contin-
uous versions of some dynamic inequalities such as Radon’s Inequality,
Bergstrom’s Inequality, Schlémilch’s Inequality and Rogers-Holder’s Inequal-
ity on time scales in comprehensive form.

1 Introduction

We present discrete versions of some classical inequalities. The inequality from (1)
is called Bergstrom’s Inequality, Titu Andreescu’s Inequality or Engel’s Inequality
in literature as given in [4], [5], [6], [15].

Theorem 1. If n € N, 2, € R and y;, > 0, k € {1,2,...,n}, then

Yk k=1 7k
k=1
. o o ma . _ amy
with equality if and only if % = 72 = ... = 1=

The upcoming result is called Radon’s Inequality as given in [16].

2020 MSC: 26D15, 26D20, 34N05
Key words: Time scales, Radon’s Inequality, Bergstrom’s Inequality, Schlémilch’s Inequality,
Rogers-Holder’s Inequality.
Affiliation:
Department of Mathematics, University of Sargodha, Sub-Campus Bhakkar &
Principal at GHSS, Gohar Wala, Bhakkar, Pakistan
E-mail: jibrielshahab@gmail.com



278 Muhammad Jibril Shahab Sahir

Theorem 2. If n € N, 23, > 0, y >0, k € {1,2,...,n} and 8 > 0, then

n B+1
<k2—:1xk> - xf“
s ®
k=1
Yk
(£)

Inequality (2) is widely studied by many authors because it is used in practical
applications.
The following inequality is generalized Radon’s Inequality as given in [9)].

Theorem 3. If n € N, 2, >0, yp, >0, k € {1,2,...,n}, >0 and v > 1, then

n NP1 B (3)
(Z yz> k=1 Yk
k=1
; o ewy  wme  m
with equality if and only 1fy—i =e=..= 5

The following inequality is a refinement of Radon’s Inequality as given in [11].

Theorem 4. If myn e N, n > m, xx > 0, yp > 0, k € {1,2,...,n}, 8 > 0 and
v > 1, then

n . B+~ m L B+~
(1;—:1%2/Z > (lez—:lxky’Z ) S xfﬂ
T S et D
() (£4) e Vi
k=1 k=1

We shall prove these results on time scales. The calculus of time scales was
initiated by Stefan Hilger as given in [13]. A time scale is an arbitrary nonempty
closed subset of the real numbers. The theory of time scales was introduced in order
to unify continuous and discrete analysis and to combine them in one comprehensive
form. In the calculus of time scales, results are extended. This is studied as delta
calculus, nabla calculus and diamond-« calculus. The three most popular examples
of calculus on time scales are differential calculus, difference calculus, and quantum
calculus, i.e., when T =R, T =N and T = ¢ = {¢* : t € Ny} where ¢ > 1. This
hybrid theory is also widely applied on dynamic inequalities (see [1], [2], [7], [17],
[18]). The basic work on dynamic inequalities is done by Agarwal, Anastassiou,
Bohner, Peterson, O’Regan, Saker and many other authors.

In this paper, it is assumed that all considerable integrals exist and are finite and
T is a time scale, a,b € T with a < b and an interval [a, b]r means the intersection
of a real interval with the given time scale.

(4)
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2 Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are
adopted from monographs [7], [8].
For t € T, the forward jump operator o: T — T is defined by

o(t) :=inf{s € T:s>t}.

The mapping p: T — Ry = [0, +00) such that u(t) := o(t) —t is called the forward
graininess function. The backward jump operator p: T — T is defined by

p(t) :==sup{s e T:s<t}.

The mapping v: T — RY = [0, +00) such that v(t) := t—p(t) is called the backward
graininess function. If o(t) > t, we say that ¢ is right-scattered, while if p(t) < t,
we say that t is left-scattered. Also, if ¢ < supT and o(t) = ¢, then t is called
right-dense, and if ¢ > inf T and p(t) = ¢, then ¢ is called left-dense. If T has a
left-scattered maximum M, then TF = T — {M}, otherwise T* = T.

For a function f: T — R, the delta derivative f* is defined as follows:

Let t € TF. If there exists f2(t) € R such that for all ¢ > 0, there is a
neighborhood U of ¢, such that

[f(o(t)) = f(5) = F2()(o(t) = 5)| < elo(t) — s,

for all s € U, then f is said to be delta differentiable at ¢, and f~(t) is called the
delta derivative of f at t.

A function f: T — R is said to be right-dense continuous (rd-continuous), if
it is continuous at each right-dense point and there exists a finite left-sided limit
at every left-dense point. The set of all rd-continuous functions is denoted by
Cra(T,R).

The next definition is given in [7], [8].

Definition 1. A function F': T — R is called a delta antiderivative of f: T — R,
provided that F2(t) = f(t) holds for all + € T*. Then the delta integral of f is
defined by

b
/ F(O)At = F(b) — F(a).

The following results of nabla calculus are taken from [3], [7], [8].

If T has a right-scattered minimum m, then Ty, = T — {m}, otherwise T}, = T.
A function f: T, — R is called nabla differentiable at t € Ty, with nabla derivative
Y (t), if there exists fV () € R such that given any e > 0, there is a neighborhood
V of t, such that

[ (p(t)) = f(5) = FY () (p(t) = )| < elp(t) = s,

forall s € V.

A function f: T — R is said to be left-dense continuous (Id-continuous), pro-
vided it is continuous at all left-dense points in T and its right-sided limits exist
(finite) at all right-dense points in T. The set of all ld-continuous functions is
denoted by Ci4(T,R).

The next definition is given in [3], [7], [8].
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Definition 2. A function G: T — R is called a nabla antiderivative of g: T — R,
provided that GV (t) = g(t) holds for all ¢+ € Tj. Then the nabla integral of g is
defined by

Now we present short introduction of diamond-« derivative as given in [1], [19].

Let T be a time scale and f(¢) be differentiable on T in the A and V senses. For
t € T¥, where T = T* N Ty, the diamond-a dynamic derivative f°(t) is defined
by

[ =aff0) +1-a)fY (1),  0<a<l

Thus f is diamond-« differentiable if and only if f is A and V differentiable.

The diamond-« derivative reduces to the standard A-derivative for a = 1, or
the standard V-derivative for o = 0. It represents a weighted dynamic derivative
for o € (0,1).

Theorem 5 ([19]). Let f,g: T — R be diamond-« differentiable at t € T and we
write £7(1) = £(o(1), 47 (1) = (o)), £2(t) = F(p(t)) and g°(t) = g(p(t)). Then

(1) f+g: T — R is diamond-« differentiable at t € T, with
(fE£g)(t) = fo(t) £ g% ().
(13) fg: T — R is diamond-« differentiable at t € T, with
(fg)°=(t) = Fo=(t)g(t) + af(t)g™ (t) + (1 — @) P ()g" (1)

(#it) For g(t)g”(t)g”(t) # 0, 5: T — R is diamond-« differentiable at t € T, with

(f>% (1) = L2097 09 (1) — af (W (09> (1) — (1 = @) f* ()" ()97 (1)
. 9(t)97 (H)g° (1) |

Definition 3 ([19]). Let a,t € T and h: T — R. Then the diamond-« integral
from a to t of h is defined by

t t t
/h(s)oas:a/ h(s)As—i—(l—a)/ h(s)Vs, 0<a<l,
provided that there exist delta and nabla integrals of h on T.

Theorem 6 ([19]). Let a,b,t € T, c € R. Assume that f(s) and g(s) are oq-inte-
grable functions on [a,b]y. Then

(@) [I1f(s) £ g(s)] oas= [ f(s)oast [ g(s)oas,
(i) [ cf(s)oas=c[lf(s)oas,
(ii0) [} f(s)oas=—["f(5)oa s,
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) b
(iv) [y F(s)oas= [, F(s)oas+ [, F(s)oas,
v) [ f(s)oas=0.
We need the following result.

Theorem 7 ([17]). Let w, f,g € C([a,b]r,R) be oy-integrable functions, where
w(x),g(x) #0, Ve € [a,b]r. If 8> 0 and v > 1, then

B

(@Il @lg@) " eaa)”  [lalsrn g
( w@llg@) eaa)

The sign of equality holds in (5) if and only if f(x) = cg(x), where c is a real
constant.

3 Main Results

In order to present our main results, first we give an extension of dynamic Radon’s
Inequality on time scales.

Theorem 8. Let w, f,g € C ([a,b]T,R) be ¢o,-integrable functions, where w(x),
g(z) # 0,V € [a,b]r and a < ¢ < b, where ¢ € [a,b]r. If > 0 and v > 1, then

(J2 k@)1 £ @) llg ()P 1oax)f+”
(I o) ouz)”

wlx “Yfloaz/”v b (e )|+
< Us le@llf @)llg(@)] ) +/ @IS @)

(fS [w(@)]|g(@)[ oq )77 lg(x)]?

Proof. From the generalized Radon’s Inequality (5), we have that

(7 1@ 1 @)lg @)t oa o) L/~|w |Uf T

ﬂ+'y 1
(2 fw@)llg@)] o )

(Js @I @)llg(@)"~ oaz) "

(2 fw(@)llg@)[roaz) T in both sides of (7), we can write
w(z)||g(x ol

By adding

L@l o)™ (KW@l o0r)”

B4+v—1 B4+~v—1
(s Tw@)llg (@) 0 2)”* () w@llg@) oaz)

_ U@ @)llg@) P o0 )" ]/ ot e

(fS [w(@)|lg(@)] 0a )7 1

o0 . (8)
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By applying the classical Radon’s Inequality on the left-hand side of (8), we get

(Ji @l @)~ o0+ [ w(@)lF@)llg@)]" " on @
B+y—1
(flw Wo(@)| oa 2+ [7 |w(z \M()Woax)

AT T LS G g T

(JS Jw(@)||g(@)[ o0 )77 1

)B+7

o0, (9)
we have the desired inequality from (9) and hence, the proof is complete. O

Remark 1. If we take « = 1, T=Z,a =1, ¢c=m+1,b=n+1 w = 1,
fk) =2, €R, g(k) =y € (0,+00), k€ {1,2,...,n},mneN, g=1and y=1,

then (6) reduces to
£ )
k=1 k=1 Tj

If m =1, then (10) reduces to (1).

Remark 2. If we set « = 1, T = 7Z, a = 1 m+1,b=n+1 w

) C =
f(k) =z € [0,400), g(k) =y € (0,4+00), k € {1,2,...,n}, m,n € Nand v
then (6) takes the form

n p+1 m B+1

<sz>>6 < <"§;xk> > % ay
> Uk >y

k=1

( k) k=m+1 Yk
k=1
If m =1, then (11) reduces to (2).

Remark 3. If weset «a = 1, T=2Z,a =1, ¢c=m+1,b=n+1 w =1,
f(k) =z € [0,400) and g(k) = yr € (0,+00) for k € {1,2,...,n}, m,n € N, then
(6) reduces to (4). If m = 1, then (4) reduces to (3).

L,
1

Corollary 1. Let w, f,g € C ([a,b]r,R — {0}) be ¢,-integrable functions and a <
¢ < b, where ¢ € [a,b]y. If 3 >0 and v > 1, then

(J2 @l f @) Pl oaz)
(2 @l f @) oaz)

- @/ mg( Pt oa )™ /lw D@
T ([ w(@)]|f(@)g(@)] 0 7) ‘”“ |B

(12)
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Proof. Letting |g(z)| be replaced by |f(z)g(x)| in (6), we get our claim. O

Remark 4. f weset « = 1, T =Z,a =1, ¢c=m+1,b=n+1 w = 1,
f(k) = x € (0,400) and g(k) = yx € (0,400) for k € {1,2,...,n}, m,n € N, then
(12) takes the form

n L B+~ m . B+
(szyz ) (zmz ) .
k=1 <

k=1

. 1=, BT T A
(Sowi) — (Eam)

k=1 k=1

If m =1, then (13) takes the form

gzxf', (14)

as given in [10].
Corollary 2. Let w, f € C ([a,b]T,R) be o4-integrable functions, w(x) # 0 with
f|w )| oo # =1 and a < ¢ < b, where c € [a,b]r. If o > m1 > 0, then

1

b 1
( [ @@ e, x>

< (f(f“’| “f| D" o0 2) /|w W@ onz| . (15)
w S x ”1

Proof. Putting 8+~ = Z—f >1and g =1 in (6), we have that

n2

(S @l f @)l o z) ™

n2

(S @) oaz)™

(f lw(z Hf "1
< w(@)||f(2)|" o0 . (16)
(f |’LU '11 /

Using the fact that ff |w(z)| 0o © = 1, the inequality (16) becomes

nz

b n1
( | w@ls@) )

_ UplvG Hf
T (@) oaz)

/\w NI f(z 771 oq . (17)
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Letting |f(x)| be replaced by |f(x)|™ and taking power n% on both sides of (17),

we get our desired result. O
Remark 5. If weset a =1, T=Z,a=1,c=2,b=n+1,w=1 f(k)=a4 €
[0,400) for k € {1,2,...,n}, n € N and 1 < 12, then inequality (15) takes the

form
1

1 " 1 "

_ m - 72

- ka < - ka , (18)
k=1 k=1

unless the xj, for k € N are all equal.

The inequality from (18) is called Schlomilch’s Inequality in literature as given
n [12].

Corollary 3. Let w, f,g € C ([a,b]t,R) be ¢,-integrable functions, neither w = 0
nor g =0, and a < ¢ < b, where ¢ € [a,b]r. If p>1,¢>1 With%—i—% =1, then

J2 (@)1 f(@)]lg(x)] oa o

1

(2 lo@)lg@)ls o0 z)”

< | La @I/ @)lg@) o /|w W@ oaz| . (19)

(Jy lw(@)llg(x \q<>a )

Proof. If 8> 0,yv=1and 8+ 1=p > 1, then (6) takes the form

(S @) @)l o0 )"
(S @) lg@)l o z)”

- w@) @) oa 2) 2, / lwg IF@IF (20

(f w(@)||g(x)] o0 z) Pt

Replacing |w(z)| by |w(z)||g(x)|P~1 in (20), we get

(S @I f@)llgl) oo z)"

(J2 w@llg@)le o0 )
_ @@l >|p1<>a
U o) llg(@)e o 2)

/|w WF@)Poaz. (21)

Replacing |g(z)| by |g(x)|%, taking power % > 0 and using the fact that % + % =1,
we obtain the desired result. O
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Remark 6. Let a =1, T=Z,a=1,¢c=2,b=n+landw=1. If f(k) =2 €
(0,+00) and g(k) = yx € (0,+00) for k € {1,2,...,n}, n € N, then (19) takes the

form
1 1
n n P n q
S e < (zxi) (zyz) | )
k=1 k=1 k=1

The inequality from (22) is called Rogers-Holder’s Inequality in literature as
given in [14].

Theorem 9. Let w, f,g € C([a,b]T,R) be ¢,-integrable functions, where w(z),
g(z) # 0, Vx € [a,b]r and a < ¢ < b, where ¢ € [a,b]r. If 3 > 0 and v > 1, then
the following inequality holds true:

A(e,a) < A(b, a), (23)
where
Sl (@@l )
):/ —BOO‘ e ’
(f |w(@)llg(z)] oa x)
VS,t S [a,bh‘.

Proof. Adding [’ % ©q x in both sides of (6), we obtain

B

(2 lo@)1£ () lg(a >|“<>a:
(S lw@)llg(@)]" oo z)
- @l @llg@) " 0 )™ /| Hf )i

([ lw(@)||g(x) |7 o0 x) Bﬂl

+
/Iw Hf Iﬁ“

o0 . (24)

Therefore

/C|w<z>||f<:c>|6”0 U @I @llg@)P ! o )"
“ P

(J lw(@)llg(@)]7 o )77
B+
@@, (@Il o)
=)o b@p (25)
B A “ B+~v—1
(J2 m@llg@)l o =)
Thus, the proof of Theorem 9 is complete. O

Remark 7. If weset « = 1, T =Z,a =1, ¢c=m+1,b=n+1 w = 1,
f(k) =z € ]0,+00) and g(k) =y € (0,400) for k € {1,2,...,n}, m,n € N, then
(23) takes the form

Ao < A, (26)
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where

Thus,

Muhammad Jibril Shahab Sahir

T —
i:Z k,@ _ *% e 1 €N,i <n.
-1 Yk !
k=1
we conclude that
0=A1 <A < <A1 <A, (27)

Inequalities (26) and (27) are proved in [11].
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