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A note on the volume of V-Einstein manifolds with
skew-torsion

Ioannis Chrysikos

Abstract. We study the volume of compact Riemannian manifolds which
are Einstein with respect to a metric connection with (parallel) skew-tor-
sion. We provide a result for the sign of the first variation of the volume
in terms of the corresponding scalar curvature. This generalizes a result of
M. Ville [15] related with the first variation of the volume on a compact
Einstein manifold.

Introduction

Consider a compact Einstein manifold (M™, g) and let M be the space of Rieman-
nian metrics on M. A smooth variation of the metric g in the direction of some
arbitrary but fixed smooth symmetric (2,0)-tensor h € TI'(S?*T*M) =: S*(M) on
M, is a smooth curve g(¢t) : (—¢,¢) = M with g(0) = g and ¢(0) = %’tzog(t) = h.
We view the scalar curvature related with the Levi-Civita connection V9 as a func-
tional M — C°° (M), defined by g — Scaly, and in a line with the notation of [5],
we denote its differential Scal’g at g in the direction of h (or the first variation in
the direction of h) by

d
Scal (h) : Scalgt¢n = T lio Scalg) -

_ i’
 dt =0
By Ville [15] it is known that the first variation of the volume vol, (M) of (M", g)

enjoys some nice properties which can be expressed in terms of the scalar curvature.
In particular,

2
/M(Scal’g h)dVy = ——Scal, voly(M)'h,
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where dV is the volume element, which can be also written as

d 2 d
/M %‘t:o Scalyyy dVy = - Scalg p7iA volgy (M) .

Here, Scaly(;) and voly) (M) denote the scalar curvature and volume of g(t), re-
spectively. Therefore, if Scal, = 0, or if vol,(M)'h = 0, then the differential Scal/g
cannot have constant sign, unless it is identically zero (see also [5, Prop. 1.188]).

Our purpose in this short note is to extend Ville’s results on Riemannian mani-
folds which are “Einstein” with respect to a metric connection V with skew-torsion
T e Q3(M), ie.

Scal”
Ricy = « g,
n

where Ricy denotes the symmetric part of the Ricci tensor Ric" associated to V
(see below). Such geometric structures are called V-Einstein manifolds with skew-
-torsion and play a key role in the theory of non-integrable geometries, due to the
so-called characteristic connection (cf. [12]). This is a metric connection V with
skew-torsion as above, i.e.

V:VQ—F%T

which preserves the underlying non-integrable geometry and hence it is a natural
replacement of the Levi-Civita connection. A first systematic study of V-Einstein
manifolds with skew-torsion, in a variety of different dimensions, was given in [1].
It is remarkable that this work also provides the existence of V-Einstein mani-
folds with skew-torsion, which are not Einstein with respect to the corresponding
metric, e.g. the Allof~-Wallach spaces. Further such examples were constructed
on Berger spheres in [11], while similar existence results are known even for non-
Einstein Lorentzian metrics. Notice also that there are V-Einstein structures with
skew-torsion which provide examples of manifolds satisfying important spinorial
equations, a fact which yields a strong interplay with string theory (see e.g. [3],
[7], [8], [12]). Hence, the last decades the geometry of V-Einstein manifolds with
skew-torsion has attracted more attention. For instance, the recent works [6], [9],
[10], [11], present classification results of such structures for particular families of
homogeneous spaces (in terms of invariant connections and representation theory).

At this point we need to emphasize an important difference in comparison with
the classical notion of Einstein manifolds, namely: V-Einstein manifolds with skew-
~torsion (M™, g, T) may have non-constant scalar curvature Scal™ ([1]). This comes
true since for example in this case the corresponding FEinstein tensor

1
GV := — Ricy —&—5 ScalY g

is not necessarily divergence free. In this short note by assuming that the scalar
curvature Scal" is constant, we provide an extension of Ville’s result for compact
V-Einstein manifolds with skew-torsion. Examples of V-Einstein manifolds which
verify our unique assumption are those whose torsion form 7T is V-parallel. Con-
sequently, one can present a wealth of examples for which our result makes sense,
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e.g. 6-dimensional nearly Kihler manifolds, 7-dimensional weak Gs-manifolds,
7-dimensional 3-Sasakian manifolds and naturally reductive spaces are few of them
(see for example [1], [3], [7], [8] and the references therein).

1 V-Einstein manifolds with skew-torsion

Let (M™,g) be a connected oriented Riemannian manifold. We fix once and for
all a g-orthonormal basis {ej,...,e,} of T, M at some point x € M. Recall that a
linear connection

V:D(TM) s D(T*M @ TM)

is said to be metric if Vg = 0. The torsion T: T'(TM) x I(TM) — I'(TM) of V
is the vector-valued 2-form defined by T(X,Y) := VxY — Vy X — [X, Y], for any
vector field X,Y € I'(T'M). V is said to be with totally anti-symmetric torsion
if the induced tensor T'(X,Y,7) := g(T(X,Y), Z) is a 3-form on M and then the
following identity holds

1

Thus, in such a case the condition 7' € Q3(M) induces the dimensional restriction
n = dimg M > 3.
Let us denote by

dy: QP (M) — QPP (M), d&: QP (M) — QP (M),

the differential and co-differential induced by V, which are the differential operators
defined by dy w := ZZ e; \ Ve,w and d*vw = — ZZ €;1Ve,w, respectively. In a
line with the Riemannian case, dy and dg are formally adjoint each other, but
in general one has (dy)? # 0. The difference between dy 7 and d T, where we
set d = dg, is a 4-form which (up to a factor) will be denoted by or, namely
dyT — dT = —20p. This 4-form or does not play some explicit role in this
note and we refer to [12] for alternative definitions. Notice however that the co-
differential of the torsion form T satisfies dg 7 = d* T and under the assumption
VT = 0 the following hold (see [2], [12])

s T=0=d"T, dT =20r.
For the curvature tensor RY associated to V, we adopt the convention
RY(X,Y)Z :=VxVyZ-VyVxZ - VixyZ,

and set RV (X,Y, Z,W) := g(RV(X,Y)Z,W). In terms of the g-orthonormal frame
{e1,...,en}, the Ricci tensor associated to V is given by

RicY (X,Y) = g(RY(X,e;)e;,Y) =Y RY(X,ei,€:,Y).
Moreover, the two Ricci tensors are related by (see e.g. [12])

RicV(X,Y) = Ric!(X,Y) — iS(X, Y) - —(d*T)(X,Y),

1
2
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where S is the symmetric tensor defined by

n

S(X,Y):= Zg(T(ei7X),T(ei7Y)) = T(eiX,e;) T(ei,Yye;). (1)

ij=1

Thus, in contrast to the Riemannian Ricci tensor Ric?, the Ricci tensor of V is
not in general symmetric; it decomposes into a symmetric and anti-symmetric part
RicY = Ricg + RicX, given by

1 1
Ricy (X,Y) := Ric?(X,Y) — 15(Y), Ricy (X,Y) := —5 (A D)X, Y),

respectively. As we said above, when T is V-parallel, then d* T = 0 and hence
RicY = Ricy. Finally, the scalar curvature Scal¥ = trRic" of (M,g,T) with
respect to V satisfies the identity Scal¥ = Scal? *%HT”?; .

Definition 1. A triple (M™,g,T) (n > 3) is called a V-Einstein manifold with skew-
torsion 0 # T € Q3(T' M), or in short, a V-Einstein manifold, if the symmetric part
Ricy of the Ricci tensor associated to the metric connection V = V9 4 1T satisfies
the equation

ScalV
Ricy = @

g, (2)

where ScalV is the scalar curvature associated to V and n = dimg M. If VT = 0,
then (M, g,T) is called a V-Einstein manifold with parallel skew-torsion.

In a line with the case of Einstein manifolds, in [1] it was shown that V-Einstein
manifolds (M, g,T) attain a variational approach which reads in terms of a gener-
alized scalar curvature functional L, given by

(9,T) — / (Scalv —QA) dV, = / (Scalg —§||T||Z - QA)dVg.
M M 2

In particular, if A = 0, then the critical points of £ are triples (M, g,T) satisfying
Ricg = ( identically, and conversely. If A = 0 and VT = 0, then the critical points
are Ric¥ -flat manifolds. For A # 0, critical points of £ are V-Einstein manifolds
(M, g,T) with Scal¥ # 0, i.e. Ricg = %g (so-called strictly V-Einstein metrics),
and conversely.

2 An extension of a result of Ville

Let us now prove the analogue of the infinitesimal result of Ville [15, Prop. 3] about
the sign of the first variation of the volume on compact Einstein manifolds (see also
Proposition 1.188 in Besse’s book [5]). The volume of a triple (M™,g,T) will be
denoted by Voly (M) := [,, dVy. Also, given hi,hy € S?(M), we shall denote their
inner product with respect to g by

(hl, hg)g = Z hl(e,-, 6j)h2(6i7 ej) .

i,J
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On the other hand, for the square norm of the 3-form 7" with respect to g we fix
the normalization

||g 31 Zg (ei,€5), T(eir€5)) - (3)

Theorem 1. Let (M™,g,T) be a compact V-Einstein manifold with skew-torsion,
ie. Ricy = %Scalv g. Assume that Scal¥ is constant. Then, the first variation
of the volume Vol (M) with respect to the curve g(t) € M in the direction of
h € §?(M), satisfies the relation

2ScalY d
S gl Yelwon = [ 2]

where Scalg(t) := Scal/® *%HT”?;(t) such that Scalgv(o) = Scalgv =: ScalV.

_, Sealgyy dVy, (4)

Proof. Set Volyy) (M) = [,, dVy@). The first variation of the volume element dVj,
is given by (see for example [4], [14])

d 1 1
p tzodvg(t) = i(ga h)gdVy = 5(“9 h) dVy

thus . 1
%’tzo‘/Olg(t)(M ) = 5 /M try h dV,. 5)

Since (M, g,T) is V-Einstein, it follows that

Scal
(RicY, h)y = > tr, h
which is equivalent with the relation
) ScalV
(Ric?, h)y = trg h+ — (S h)g. (6)

Now we need the first variation of the square norm of the torsion form in the
direction of some h € S?(M). This is given by (see [1] and see also our Appendix
for an alternative proof)

1
2 —
T2 = =5 (S, h),. ™)

Consequently,
d
S, h dV:—G/ — T dvy. 8
sy av, == [ L] ik, (®)

Finally, let us recall the first variation of Scal? (see [4], [14])

dt li=o Scal?® = Ay (trg h) + divg(divg h) — (Ric?, ),
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where we write div,: SP(M) — SP~1(M) for the divergence of a symmetric tensor
field F on M, i.e.

n

divy (F)(X1,..., Xpo1) == > (VL F)(ei, X1,..., Xpo1).

=1

Thus, and since M is compact, by integrating one computes

d
—| Scal?® qv,
/M dt ’tZO Ca 9

= _/ (Ricgvh)g dVy
M

v 1
© —/ Seal” 4 hav, —/ (S, 1), dV,
M - & M 4 - -

n

(5).(8) 2ScalV

d 3 [ d
21 Vol (M) + = 7‘ T2, dv, |
n dt‘t=o olgt) (M) + B /M i t=0|| ¢t dVg

or equivalently

/i
o dt

This proves our assertion. O

2ScalV i
n dt

3
(scalg(” f§||T||§(t)> v, = — Vol (M).

t=0 t=0

Remark 1. Tt should be clear that the right hand side of (4) does not coincide with
the variation of the generalized total scalar curvature functional £ (in the direction
of h). This only happens when the first variation of the volume element is zero,

d
dt t:OdVg(t) == 0

As an immediate corollary of Theorem 1 we get that
Corollary 1. Let (M",g,T) be a compact V-Einstein manifold with a constant
ScalV. If

d
% tZOVOlg(t) (M) = O,
or if ScalV = 0, then the differential (Scaly)' cannot have a constant sign (unless
it is identically zero).

Theorem 1 shows that [5, Prop. 1.188] holds more general for any compact
Riemannian manifold which is V-Einstein with respect to a metric connection with
parallel skew-torsion. Indeed, when VT = 0, then we can show that the associated
Einstein tensor

1 1 3

v Vv v 2

= + 1Vg=G9 + T

G Ricg 5 Scal” g =G 45 4H ||gg

is divergence free, and as in the classical case for n > 3 this yields the constancy
of Scal® (see also [1]). Hence we deduce

Corollary 2. Theorem 1 applies on any compact V-Einstein manifold (M™,g,T)
(n > 3) with VT = 0.
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3 Appendix

Here we present a proof of the formula (7), in a slightly different way than the one
discussed in [1].

Recall that given any two Riemannian metrics a,b € M, there is a unique self-
-adjoint positive definite endomorphism B, ; on the tangent space T, M (z € M),
such that

b(u,v) = a(Bqgpu, v),

for all u,v € T, M. Hence dj := B, / is an isometry on 7, M and this extends
to an isometry on whole tangent bundle T M, which we denote by the same letter,
d¢: TM =TM — T°M =TM, a(X,Y) = b(d} X,d3Y) for any X,Y € F(TM).
Consider the variation g(t) = g: = g + th of ¢ in the direction of some symmetric
(2,0)-tensor h on M. Since there exists an open neighborhood I = (—¢,¢) C R
of 0 € R such that g, € M for any t € I, one has g(G’g gt w) = gi(u,w), for
any u,w € T, M, where Gg,g,, € End(T, M) is the self-adjoint positive definite
endomorphism corresponding to ¢g;. Then, by the definition of g; it follows that

9(Gy g, usw) = gy (u, w)
= g(U, U)) + th(u7 w)
= g(u,w) + tg(Hgpu, w)
= g((Id +tHy p)u, w),
ie. G, =Id+tH,) and hence'

d? = (Gt )Y = (Id +tH,,) /2.

9,9t

Consequently

d 1
—| 49 =—=(1d+tH, ) **H, =—-H,,. 9
dtl1—o 9t 2( + g,h) g,h —0 9 g,h ( )

Consider now some g-orthonormal frame {e;} of M. Then, the set
{ei(t) :=df, (e;) : 1 <i<n}

forms a g(t)-orthonormal frame such that e;(0) = df(e;) = Id(e;) = e;, for any i.
Since h(e;, e;) = g(Hg,nei, ;) we obtain

g,hez § g ghelvej § heue]

and hence (9) yields the formula

d d
ale) =g t=0

— d
dt lt=0 9

(10)

:éi(O):—2 g,h€i = th (ei,ej)e

INote that any arbitrary element h € S2(M) induces some endomorphism Hy , € End(T% M)
defined by h(u,v) = g(Hg nu,v), see for example [13, p. 134].
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Now, by (3) we see that

IITH

g(t

=< Zj: = [(g +th) (T(ei(t),ej(t))yT(ei(t)vej(t)))}

= 129@) (T(ef,(t),ej(t)),T(ei(t)vej<t>>)
5 L0 (T (0.ex0) Texres0)

:6;5’ (;g ei(t)7ej(t)),ek(t))ek(t)a;Q(T(ei(t)yej(t))vef(t))ef(t))
+ % Zg(t) (T(éi(t), ej() + T (ei(t), ¢;(t)), T (es(2), 6j(t)))

:é Y T(eslt), ei(t),en(t)) - T(eilt), e5(t), eelt)) - 9(0) (en(t), eelt))

i,5,k,¢

+ % >0 (T(@lt).es(0) +T(ex(1). 5(). T(exlt). s (1) ).

Therefore, due to (10) and the tensor .S defined in (1), the evaluation of the previous
relation at ¢ = 0 gives the result:

d 1
— || 126 = S(ekaeé)h(ek’veé) — = > 9(T(Hgnei,e;), T(es, e5))
dtlt 6

(2]

Hg nej) T(ei,ej))

M

1 1

65h _*ZS g,h€i, € z EZS(Hg7hej7ej)
J

1

6 ZS g,h€i ez

1

= 5 (8, ), —723211@6]6]

1

gSh —thel e;)S(ei, e;)

1

a<5h> S(5.1),

= —B(S,h)g.
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