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The inverse problem in the calculus of variations: new
developments

Thoan Do, Geoff Prince

Abstract. We deal with the problem of determining the existence and
uniqueness of Lagrangians for systems of n second order ordinary differen-
tial equations. A number of recent theorems are presented, using exterior
differential systems theory (EDS). In particular, we indicate how to gen-
eralise Jesse Douglas’s famous solution for n = 2. We then examine a
new class of solutions in arbitrary dimension n and give some non-trivial
examples in dimension 3.
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1 The inverse problem in the calculus of variations

The inverse problem in the calculus of variations involves deciding whether the
solutions of a given system of second-order ordinary differential equations (SODESs)

i = Fo(t, 2%, i%, a,b=1,...,n
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are the solutions of a set of Euler-Lagrange equations

eL ., L ., L IL
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for some Lagrangian function L(t, z% ). Clearly the Hessian matrix % should
be invertible on some domain. The problem dates to the end of the 19** century and
it still has deep importance for mathematics and mathematical physics (see [17],
[14]).

Because the Euler-Lagrange equations are not generally in normal form, the
problem is to find a so-called multiplier matrix gqp(t, ¢, 2¢) which is invertible on

some domain and such that

d (0L 0L
“b p—— b = — J—
gur(# — F7) = 5 <aa':a> die

The most commonly used set of necessary and sufficient conditions for the
existence of the g, are the so—called Helmholtz conditions due to Douglas [11] and
put in the following form by Sarlet [20]:

gab = Gbas  T(gav) = Gaclh + gocl'as  Gac®h = gc Py, %g;f = %‘Z;bc,
where
Tf =y @ =~ ~ T{rE -~ I(T),
and where 5 5 5
I= ot +ua5'x“ + Faau“'
When a solution g, exists a corresponding Lagrangian is recovered from % =

Gab-

A full review of our perspective on the inverse problem as at 2008 and the role of
exterior differential system theory (EDS) can be found in the article by Krupkova
and Prince [17] which includes reference to other approaches. A full account of
the latest developments by the current authors can be found in [9], [10].

1.1 Timeline

There have been too many books and papers written about this inverse problem
for us to list. Instead, we offer a brief time-line of milestones in the development
of our particular approach.

1886 Sonin solves the inverse problem for one equation (n = 1) [23]
1887 Helmbholtz states the problem [12]
1898 Hirsch states the problem [15]

1941 Douglas solves the inverse problem for n = 2 [11]
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1982 Henneaux & Shepley propose an algorithm for solving the general inverse
problem, identify quantum mechanical difficulties [13], [14]

1982 Sarlet reformulates the Helmholtz conditions [20]
1984 Crampin, Prince, Thompson geometrise the problem [7]
1990 Morandi et al develop the geometric framework [19]

1992 Anderson & Thompson apply the EDS technique and solve the first arbitrary
n subcase [3]

1994 Crampin et al reframe Douglas’ n = 2 analysis in geometric terms [§]

1994 Massa and Pagani introduce their linear connection for SODEs [18]

1999 Crampin, Prince, Sarlet & Thompson solve more arbitrary n cases [21], [22]
2003 Aldridge applies EDS to Douglas n = 2 and some arbitrary n [1], [2]

2016 Do and Prince identify the classification structure for arbitrary n and apply
it to n = 3, 75 years after Douglas [9], [10]

2 Geometric formulation and EDS

We will provide only enough of the geometric setting of the inverse problem to
make the later discussion viable; more complete descriptions and further references
can be found in [2], [16], [17].

2.1 274 order o.d.e’s

Suppose that M is some differentiable manifold with generic local co-ordinates
(z%). The evolution space is defined as E := R x T'M, with projection onto the
first factor being denoted by ¢ : F — R and bundle projection 7: E - R x M. E
has adapted co-ordinates (¢, %, u®) associated with ¢ and (z%).

A system of second order differential equations with local expression

%= F(t, 2% i%), a,b,=1,...,n

is associated with a smooth vector field I' on E given in the same co-ordinates by

0 . 0 . 0
B &Jr“ Ox® T Ou’
I is called a second order differential equation field or SODE. It can be thought
of as the total derivative operator associated with the differential equations. The
integral curves of I' are just the parametrised and lifted solution curves of the dif-
ferential equations. When the system admits a Lagrangian as described in section
1, T is called the Euler-Lagrange field.

The evolution space E is equipped with the vertical endomorphism S, defined
locally by S := V, ® 6% (see [7] for an intrinsic characterisation). S combines the
contact structure and vertical sub-bundle, V(E), of E, 8% being the local contact

I:
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forms 0% := dz® — u*dt and V, := % forming a basis for vector fields tangent to

the fibres of 7 : E — R x M (the vertical sub—bundle).

It is natural to study the deformation of S produced by the flow of I', Lp.S.
The eigenspaces of this (1,1) tensor field produce a direct sum decomposition of
each tangent space of E. It is shown in [7] that LrS (acting on vectors) has
eigenvalues 0,+1 and —1. The eigenspace at a point of E corresponding to the
eigenvalue 0 is spanned by I', while the eigenspace corresponding to +1 is the
vertical subspace of the tangent space. The remaining eigenspace (of dimension n)
is called the horizontal subspace. Unlike the vertical subspaces these eigenspaces
are not integrable; their failure to be so is due to the curvature of this nonlinear
connection (induced by T') which itself has components

19F®
e .=—-2"_
b 2 Ous

The most useful basis for the horizontal eigenspaces has elements with local ex-
pression

0 0
H, = — -1t 2
oxa @ Oub

so that a local basis of vector fields for the direct sum decomposition of the tangent
spaces of F is {I', H,,V,} with corresponding dual basis {d¢, %, ¢} where
Y = du® — Fedt +T¢6°.

The components of the curvature appear in the commutators of the horizontal
fields:
[Ha, Hy) = Ri,Va

where

gt 1 PF PR Lo OPF QFc 9*F¢
ab = o \ gredub  9zbour ' 2 \ Qu® ducdub  dub ducdu®

In our chosen basis the curvature tensor is
R=R4,0"NO* 2V,

It will be useful to have some other commutators:

1, 9%F¢ . .
[Hay %] = _i(m)vc = Vb(ra)vc = Va(rb)vc = [HbaVa]v
T, H,]=TH,+2V,, [[,V,]=—H,+TI%V,,

and, of course, [V,, V] = 0.
Denoting the projectors defined by the L£rS-induced direct sum decomposition
as Pr, Py and Py, the Jacobi endomorphism, ®, is

® = Py o LpPy = LV, @ 6°.
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The normal forms of the component matrix ® = (®§), of ® are fundamental to the
analysis of the inverse problem. While the (1,1) tensor ® itself clearly has no real
eigenspaces, the closely related Shape Map, Ar [16], captures the real eigenspaces
of ®f:
Ap = —® — Py o LpPy = -0V, ® 0" + H, @ ¢°
and
Ar(X) = pX <= p20%(X) = —®¢6°(X) and »*(X) = ph*(X).

In what follows we will denote by X V/H the vertical, respectively horizontal, copies
of eigenvectors X of ®¢ belonging to u?:

xV.=xw, XxH".=Xx°H,

so that X + XV belongs to the corresponding eigenvalue 1 of Ar. Similarly for
the eigenforms ¢/,

Note: In a more complete presentation mathematical framework for the inverse
problem we would also introduce the Massa and Pagani connection [18], the shape
map [16] and the (jet bundle) calculus along the projection [5]. For an extensive
review see [17].

2.2 The Helmholtz conditions

The Helmholtz conditions given in section 1 are the necessary and sufficient condi-
tions that a two form g1 A 6° be closed and of maximal rank on some domain.
This can be given an even more geometric framing in the following theorem from

[7]:

Theorem 1. Given a SODE I, the necessary and sufficient conditions for there to
be Lagrangian for which I" is the Euler—Lagrange field is that there should exist a
2—form () such that

Q(V1,V2) =0, VW,V e V(E)

r.Q=0

dQ =0

Q is of maximal rank.

The simplest way to see how the Helmholtz conditions arise from theorem 1 is
to put Q := gup1p® A #° and compute dQ2:

dQ = (T(gap) — 9T — gacL5)dt A p® A 6
+ (Ha(gav) — gepVa (D7) A 6° 1 60
+ Vel gap)¥° A A B°
+ gap?®® AP A dt
+ Gea®50° A O A dt
+ gea Hy(T5)0% N 6" A 67
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The four Helmholtz conditions are
dQ(T, V,, V) =0, dQ(T, Vo, Hy) = 0,
dQ(T, H,, Hy) = 0, dQ(Hy, Vs, Ve) = 0.
The remaining conditions arising from d2 = 0, namely
dQ(H,, Hy, V) =0 and dQ(H,, Hy, H.) =0,

can be shown to be derivable from the first four (notice that this last condition is
void in dimension 2).

2.3 The EDS approach

The 1991 book by Bryant, Chern et al [4] is a comprehensive reference for exterior
differential systems; in the context of the inverse problem the landmark reference
is the 1992 memoir by Anderson and Thompson [3].

In exterior differential systems terms, the inverse problem is

“Find all closed, maximal rank 2-forms in ¥ := Sp{y)® A 6°} C \*(E)”

There are three steps in the EDS process:

1. Find the largest differential ideal generated by the submodule ¥. An algebraic
and iterative process.

2. Create a Pfaffian system from the closure condition on this ideal. A differen-
tial process.

3. Apply the Cartan-Kihler theorem to determine the generality of the solution
of this Pfaffian system. A somewhat intuitive process!

So we must find all the closed, maximal rank 2-forms on E of the form
gabwa A eb’

where we may as well assume that g, is symmetric. So let 3 be the submodule
of two forms Sp{t® A 6° +¢* A 2}, and let {QF} be a subset of two forms in ¥.
Initially we take {QF : k = 1,...,n(n + 1)/2} to be some basis for ¥. Then the
inverse problem becomes that of finding the submodule of closed, maximal rank
two forms in Y, i.e. finding functions 7y such that d(ryQ¥) = 0. Note that {Q*} is
a working subset of ¥ which will shrink as we progress.

The first EDS step is to find the maximal submodule, ¥, of ¥ that generates
a differential ideal (that is, an ideal closed under exterior differentiation). We will
find (or not) our closed two forms in this ideal.

We use the following recursive process: starting with the submodule ¥° := %
and a basis {Q*}, find the submodule X! C ¥° such that d2 € (X°) for all non-zero
Q € X1 That is, find the functions r on F such that d(rpQ*) € (£°) and hence
rdQF € (X°). This is an algebraic problem.

Having found these 7, and hence X', we check if ' = X° and so is already a
differential ideal. If not, we iterate the process, finding the submodule X2 C X! C
Y0 and so on until at some step, a differential ideal is found or the empty set is
reached. If, at any point during this process, it is not possible to create a maximal
rank two form, then the inverse problem has no solution. That is, if {Q', ..., Q7} is
a basis for ¥, then /\”(Zi:1 Q%) must be non-zero at each step.
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3 Significant results from the differential ideal step

As in [10] this paper again concentrates on the case where the matrix representation,
® = (®7), of @ is diagonalisable, which corresponds to Douglas cases I, ITa or III
(see [8] and [22]). Our choice of the basis for X(E) is {T', XY, X"}, where XV
and X are vertical and horizontal copies of eigenvectors X, of diagonalisable
® (belonging to eigenvalue \,, possibly repeated but with a distinct label a per
repetition). The corresponding copied eigenforms ¢ and ¢, together with dt,
form the dual basis {dt,¢*",$*"}. While it’s not strictly accurate we will call
X(Y M and ¢*V/H eigenvectors and eigenforms of .
So we start the EDS process with the module ¥° := Sp{w?}, where

1
wab = §(¢aVA¢bH+¢bV/\¢aH)7 1§a§b§n,

and look for the (final) differential ideal generated by %/.

Then, having found a non-degenerate, closed 2-form w = > _, rapw® € ©f,
the multiplier g, is given by

Ged = Tab¢g¢zc)l7

where ¢¢ and ¢! are components of eigenforms ¢ and ¢° respectively. In this
section we review significant results obtained by applying the first step of exterior
differential systems, namely the differential ideal step. See the paper [10] for details.

The exterior derivatives of eigenforms ¢*" and ¢* are:

dd)aV — _ Tézl—‘dt A ¢bV — Agdt A ¢aH + Tng¢bV A ¢CH +7_CabV¢bV A ¢CV
1

— 50" (ROGT, X))o A o™,
d(baH — dt A\ ¢aV _ TZ;let A (be + Tng(be A ¢CH _ Tlszcvqsbv A ¢CH7

The structure functions Tl;lr, Tng and bev are defined by these expressions and

the curvature tensor is that given in section 1.

Proposition 1. The differential ideal step finishes at X° if and only if ® is a function
multiple of the identity.

In the remainder of this section we assume that ® is diagonalisable with distinct
etgenvalues.

Proposition 2. [10] Suppose that ® is diagonalisable with distinct eigenvalues and
eigenforms ¢®. Take ¥ = Sp{w®} and w € X°. Then w € X! if and only if
w =Y _n_, rqw?® and the curvature satisfies

Z rad® (R(X{, XH)) =0, for all distinct a,b,c, (no sum on a). (1)

cyclic abc

As discussed in [10], we introduce X' := Sp{w® := w*,a = 1,...,n}, not neces-
sarily satisfying (1), so that %! C ! ¢ %0 The results show that for the case
where ® is diagonalisable with distinct eigenvalues, 31! is the more effective option
to start the differential ideal step. As we will see, this will generate an intermediate
sequence of submodules of significant value.
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Proposition 3. Let ® be diagonalisable with distinct eigenvalues. Then the nec-
essary and sufficient conditions for w =Y r,¢*V A ¢ € B! to have its exterior
derivative in the ideal (3') are that, for all distinct a,b and ¢ (no sum),

TaTl?F + Tngr =0,

\% \%4 2% \%
Ta (Tl;lc - gb ) — TbTeq + rCTbCa = 07
aH aH bH cH
Ta (Tbc —leb ) — TbTeq + TcTheg = 07 (2)

rad® (R(XZ, X31)) +rp0" (R(XGT, X)) + oo™ (R(XT, X3T)) = 0.
The last of these is just (1).
If these conditions are satisfied for all r, we have:

Corollary 1. For diagonalisable ® with distinct eigenvalues, the necessary and suf-
ficient conditions for ©! to generate a differential ideal are that, for all distinct a, b
and c,

=0,V =0

In the remaining differential ideal steps, we define X1+ := {we S dw € (i’)}
Thus 32 is the submodule of 2-forms in X' which further satisfy the conditions in
(2) and so %2 C X! C %1 The relation between the sequences X! > %2 5 ... >
PO .. and X' DO X2 DD ¥P D .. s as follows.

Lemmal 21DOXIDO¥2DO%2D...D2%PDYPD . ...

This lemma makes clear the computational value of the L

The following proposition indicates the sufficient condition for degenerate solu-
tions in the distinct eigenvalue case. This will be used to exclude the cases where
there are no regular solutions.

Proposition 4. Suppose a submodule ¥/ generates a differential ideal. If any w®
is missing from Y/ then there is no regular solution to the inverse problem.

Now we identify one of the key factors in our classification for the inverse prob-
lem: integrable eigen co-distributions.

Definition 1. The eigen co-distribution D} = Sp{¢®",¢*} of (copied) eigen-
forms of ® is said to be (Frobenius) integrable if

d¢“v,dq§“H =0 (mod ¢aV7¢aH)7
equivalently
dw® = €& Aw® (no sum on a), i.e. dw® =0 (mod w®). (3)

Note that
d¢g =0 (mod ¢V, o). (4)
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Proposition 5. The necessary and sufficient conditions for an eigen co-distribution
Dt = Sp{¢?V, $*H} of ® to be (Frobenius) integrable are:

=0, Y =0, =0, ¢ (RXEL X)) =0
for all b, ¢ # a.

The following important result resolves the major problem of dealing with an ar-
bitrary number of non-integrable eigendistributions of ®.

Theorem 2. Let ® be diagonalisable with distinct eigenvalues. Suppose there are q
non-integrable eigen co-distributions. If the sequence (X1), ..., (¥%) does not contain
a differential ideal then there is no non-degenerate solution.

Proof. Suppose that the eigen co-distributions are ordered so that the first g are
non-integrable. Firstly, if <§~]q> is not a differential ideal, then no earlier <§~]p> can
be a differential ideal. Now each of the n — ¢ integrable w® := ¢*V A ¢*H has
remained in $7 since dw® = £ A w’. However (X9) is not a differential ideal
so that dim(2?) > n —q. Now dim(2Pt!) < dim(XP) for p < ¢+ 1 and so
dim(37) < n — (¢ —1). Thus dim(37) = n — ¢+ 1. But (%) is not a differential
ideal by assumption and hence dim(iqﬂ) =n —q and so w',...,w? are missing
and no solution exists. (]

4 A new Classification Scheme

By observation from the results of the differential ideal step, in particular from
proposition 1 and theorem 2, we suggest a more practical classification compared
with that of Douglas, especially for higher dimensional problems. Our classification
is based on the diagonalisability of ® firstly, then the number of distinct eigenvalues
and integrability of eigen co-distributions of ® and lastly the step at which a
differential ideal is obtained.

Case A ® = \I,,. This is equivalent to (X°) being a differential ideal (see propo-
sition 1).

Case B @ is diagonalisable with distinct real-valued eigenvalues. Further subcases
will be divided according to the integrability of the lifted two-dimensional
eigen co-distributions of ® i.e. g co-distributions are non-integrable and n—q
are integrable. According to our theorem 2, if up to and including (iq> there
is no differential ideal, then there is no non-degenerate multiplier. Hence, for
each ¢, the subcases to be considered are that a differential ideal is generated
at step 1, step 2,..., up to step q.

Case C & is diagonalisable with repeated eigenvalues. Further subdivision ac-
cording to integrability will be similar to case B above.

Case D @ is not diagonalisable. Further subdivision depends on the integrability
of normal form distributions of ®.
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As an example, we will provide here our suggested classification for the inverse
problem in dimension 2 compared with the classification of Douglas. Firstly, if ® is
diagonalisable with only one eigenvalue, then ® is the multiple of the identity which
is Douglas case I. Secondly, if ® is diagonalisable with two distinct eigenvalues, we
divide it into three subcases (recall that as it is shown in proposition 1 and corollary
1 that in this case (X°) is not a differential ideal and X' is a differential ideal if
and only if 737 = 0 and 72! = 0): the first subcase is where ® has both integrable
eigen co-distributions, that is 2% = 0,72 = 0 for all a # b, then this corresponds
to the “separated” case Ilal of Douglas; the second subcase is where ® has one
integrable and one non-integrable eigen co-distributions and a differential ideal is
found at step 1, that is 741 = 0,721 = 0 and one of the 7J3" and 77 is non-zero,
which corresponds to Douglas case I1a2 (“semi separated”); the third subcase is
where @ has both non-integrable eigen co-distributions which is the most difficult
case. We divide this case into two further subcases depending on the step at which
a differential ideal is found as follows.

1. A differential ideal is found at step 1, that is 74© = 728 = 0 and both 74y and
2V

77 are non-zero. This corresponds to Douglas case I1a3 (“non-separated”),

2. A differential ideal is found at step 2. This may correspond to case III of
Douglas because it is not the case that both 731 and 720 are zero which then
implies [V®, ®] # 0.

The remaining case is where ® is not diagonalisable, and this corresponds to
case IIb of Douglas.

For a full classification and solutions for the inverse problem in dimension 2 we
refer to chapter 5 of [9].

5 Case BNII

Until recently, only the two easiest cases of Douglas, case I and case Ilal, had
been solved in arbitrary dimension (see [21], [6] and [3]). In [10], we investigated in
details an extension of Douglas case I1a2 in arbitrary dimension n, where the matrix
® is diagonalisable with distinct eigenvalues with exactly n — 1 co-distributions
being integrable. We also gave two examples of the case where ® is diagonalisable
with distinct eigenvalues with two non-integrable co-distributions in dimension 3
without giving any analysis. In this section we shall provide an analysis for this
case.

Case BNII is where ® is diagonalisable with distinct eigenvalues (label ‘B’) and
has 2 non-integrable eigen co-distributions (label ‘II’), in dimension n (label ‘N’).
As we will see there are 3 subcases. Without loss of generality, we assume that the
eigen co-distributions are ordered with the 2 non-integrable eigen co-distributions
are Sp{¢'V,¢'H} and Sp{¢p?V,¢*H}, and the other n — 2 eigen co-distributions,
Sp{o®V, ¢ o = 3,...,n}, are integrable. According to proposition 1, (X°) is
not a differential ideal and the differential ideal step of EDS starts with %! :=
Sp{w?® == ¢V A ¢ . q = 1,...,n}. Furthermore, according to theorem 2 the
problem has no solution if up to ¥2, the differential ideal is not found. We will
discuss this in a bit more detail.
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Now starting with $l= Sp{w® = ¢V AN ¢ 1 a =1,...,n} and computing
dw® for each a =1,...,n we have (with no sum on a)
dw® :d(¢avA¢aH) _ d(bav/\(baH _¢aV /\d(baH
=€ AWt g AW
—prdt/\(qﬁbv/\¢GH ¢aV/\¢bH)

_ 7_cabH cH (quV ¢aH + ¢aV A ¢bH)

o TaV cV (¢bV ¢aH + ¢aV /\¢bH)

+ icb“V(R(XCH, Xy Nt A g
for distinct a, b, c and where
é-a ::AaV¢bV + AaH¢bH

gb _TbV¢aV+ aH¢aH

where for all a, b, c, AaV/H = T;CV/H 2T aV/H.
Let w = r,w® € El, where w?® = qS“V A¢*H q = 1,...,n. According to

proposition 3, dw € (X1!) if and only if the homogeneous system of equations (2)
are satisfied by the r,.
With the assumption that Sp{¢®", ¢ : o = 3,...,n} are all integrable, we
have
F= 0, T&V =0, Tc%H =0, ¢QV(R(X({{7XI{{)) =0,

for distinct «, ¢, b with « = 3,..., n. It follows then the system (2) is equivalent to

2r
7’17’2 +7’2’7’1 —0,

r
T, =Y,
7’27’02[1—‘ = O,
v v
r1(7on — To3 ) — 7“27 =0,

1V
T1Toq — Tnga 0

1H 1H 2H
T1(Toa — Taz ) — 7”27' 1 =0,

1H
1Ty — TQTM =0,

rl(blv( (X2 7X5)) - ngbQV(R(X{{,Xf)) =0,

foralla=3,...,n.

Note that the r; and 79 are unknowns in the system (5), and they must all be
non-zero for non-degenerate solutions. Let A; denote the matrix of coefficients of
the system (5). Now the problem can be divided into three subcases depending
on the rank of A, which is 0, 1 or 2. Subcase 1: if rank(A;) = 0, then !
generates a differential ideal. Subcase 2: if rank(A;) = 1, then the system (5)
gives a relation between the r; and ro, 79 = hory and so affects the dimensions of
the submodule in the next step, %2, that is dim(X?) = n—1 and £2 := Sp{@', w®
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a=3,...,n}, where ©! := w! + how?, and where hy is a known function. Subcase
3: if rank(A1) = 2, then the solutions of the system (5) are r; = 0 and 7, = 0
which is a non-existence case.

5.1 Case BNII1

Now we analyse the subcase 2 mentioned above, where ® is diagonalisable with
distinct (real) eigenvalues with exactly two non-integrable eigen co-distributions
and rank(A1) = 1. Thus a differential ideal is not obtained at the first step, that
is, 21 == Sp{e°V Ao i ¢ =1,...,n} does not generate a differential ideal. The
results are given in theorem 3 at the end of the section followed by illustrative
examples.

Solving this system (5) with the condition that r; and ry are non-zero for a non-
degenerate solution, with the assumption that rank(A;) = 1, we get an equation
relating 1 and ro, 79 = hory, and the conditions on the 7’s are as follows,

ol =0, 125 =0, foralla=3,...,n (6)

and in each of equation in the system (5), the coefficients of 7y and ro must be
both non-zero or both zero. Besides, since rank(A;) = 1 by assumption, at least
one of the ratios

ir 1V v 1V _1H 1H _1H 1V H yH
. T3 Toa. — Ta2 T2a Toae — Ta2 Toa (b (R(XQ 7Xa )) (7)
2T 2V ) 2V 2H 0 2H’ 42V H v H
1 Tal Mo Tal Mo (b (R(Xl 7Xo¢ ))
for all & = 3, ..., n, must be well-defined and non-zero and when they are non-zero,

they must be equal for all those a.. Therefore hs equals these non-zero expressions.
So we assume that the conditions (6) and (7) hold, we have

»2 .= Sp{@t,w*:a=3,...,n}, where @' =w!+ how?.

Now consider the conditions for (32) to be a differential ideal. Let w € %2, then
w=F&! + row®, a summed 3,...,n. Calculating the exterior derivative of w, we
have

dw =diy A &Y 4 Fdot + dro A w® + rodw®
=(diy 4+ F1ED) A 4 (dro + F1EL + T0€2) Aw® + 71 (dhy + €5 — holl) A w?,
for a = 3, ...,n and where ~
£ =& + hot?,
for each ¢ = 1,...,n. Thus dw € (X2) for all w € X2 (so (X?) is a differential ideal)
if and only if,
dot =EEANGY +ELAWY, a=3,...,n.
This condition is equivalent to
dhy + & + ha(&5 — &1 — ha&) =0 (mod ¢V, ¢)
& dhy + & +ha(€5 — &) =0 (mod ¢°V, ¢°1), (8)
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as 2 = 12V ¢V + 12H %" = 0 (mod ¢?V, ¢?1). )

Now let us assume that the condition (8) holds, this means 32 is the final
submodule. The next step is to find the non-degenerate and closed forms in %2 by
solving the system of Pfaffian equations

dfl + 7:15% =0 (9)
dro + 1L + 1afl = —Pad®” — Qad™ (no sum on a) (10)

where a = 3, ...,n and P,, @, are arbitrary functions.
Following the EDS procedure, we extend E to a new manifold N with coordi-
nates (t,z° u°, re, Ps, Q) and now the problem is to find the integrable distribu-

tions on N with o0, =0, = 3,...,n and oy = 0 where
o1 i=diy + 71 &) (11)
Oq 1=dry + 7:1511,[ + T’afg + Pa¢av + Qa¢aH (12)

Continuing the EDS process, set 7 := dP, and 7% := dQ,, a = 3, ...,n. Using
this a co-frame on N is (dt, %", gde,ad,ﬂf;,wg) for d =1,...,n. So the next step
is to calculate doy and do, modulo {o1,0, : @« = 3,...,n}, as follows:

Taking the exterior derivative of (11) and (12) gives:

doy = 71d€} (mod oy)
and, for each o = 3,...,n,

dog,

= diy N EL + F1dEL + dro N ES + 1o dEd

+dPy A ¢V + Podd®™ +dQo N 6°" + Qode®™ (no sum on «)

= —7&i A+ Fdé

+(—71€s = el — Pad™ = Q™) A€+ rad€l

+ P aV aV Q aH aH

o NG + Podd™ + 73 A ™ 4+ Quddp®” (mod 01,04) (no sum on «)

Now we see which terms in do, can be absorbed into 7% and 7%. Note that in
each do,, any term that can be written as 8 A ¢V or B A ¢*H can be absorbed
into terms 75 A ¢*V and 7% A ¢*H respectively. After this absorption these terms
are denoted as 7L A ¢®V and 79 A ¢ and the remainder that can’t be absorbed
represents the ‘torsion’ of the system.

Recall that each eigen co-distribution Sp{¢*V, 2}, a = 3,...,n, is integrable,
so as given at (3)-(4) we have that

d¢aV = 07 d¢O¢H = O7 dé-g =0 (mod ¢()¢V7¢O¢H).

So the terms d¢®V, dp*H and d¢S can be absorbed.
Thus, we have

dog =78 A ™V + 79 Ao
+ 71 [(63 — &) AEL + dEL] (mod 01,04)
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The torsion must be zero for nontrivial solutions and enforcing non-degeneracy
results in the following conditions
dé} =0 & d(&l +hat?) =0, (13)
and
(€6 — &) A &o + dég =0 (mod ¢V, ¢*M) 14
(60 — & — hal?) N (€ + ha€l) + d(Eg + ha€) = 0 (mod ¢V, )

for each a = 3, ..., n.
If we assume that all conditions (6), (7), (8), (13) and (14) are satisfied, we
have

doy =0 (mod o)

dog =75 N g™V + 798 A" (mod o) (15)
We change the basis {¢V, '} to the basis {7V, 7°#} using:

NVIH _ gWV/H | g2V/H L gnV/H
dV/H _ ¢1V/H _¢dV/H d=2. ... n

v

We then get the optimal tableau:

f[:
71V 71H va ,ypH 7(p+1)v ,y(p+1)H ,ynV ,ynH
o1 | 0 0 ... 0 0 0 0
os | 72 FZE ... 0 0 —7P —7g
on | L 7L .0 0 0 0 e =P -9

This tableau gives Cartan characters: s; =n—2,s0 =n—2,s;, =0fori=3,...,n.

The final step is to check for involution. To do this, we let ¢ be the number of
ways that 72 and 79 can be altered such that (15) are unchanged. It can be seen
that if we write:

fro®V + f2ooH,
St 4 f2e0V,

=
PO Ry
Il
M
RO Ry
+ +

then (15) would be unchanged if we replace 78/ by 72/Q . Thus for each a =
3,...,n we have three degrees of freedom in modifying 77 and 7%, giving 3(n — 2)
degrees of freedom for all 7h /9. Therefore in this case, t = 3(n — 2), which equal
to s1 + 2s9 as required for involution. So the solution depends on n — 2 functions
of two variables in this case.

In summary, the result of this case is given in the following theorem.



The inverse problem in the calculus of variations: new developments 145

Theorem 3. Assume that ® is diagonalisable with distinct (real) eigenvalues and
with exactly 2 non-integrable eigen co-distributions. Suppose that eigen co-distri-
butions are ordered such that Sp{¢'V, '} and Sp{¢*", $*!'} are non-integrable.
Suppose further that (') where X' := Sp{¢V A ¢” : ¢ = 1,...,n} is not a
differential ideal. Then the necessary and sufficient for the existence of a solution
for the associated inverse problem are that the conditions (6), (7), (8), (13) and (14)
hold. Furthermore, the solution (if it exists) depends on n — 2 arbitrary functions
of 2 variables each.

Example 1. This is a non-existence example of the case B3II1 as the condition for
(¥2) to be a differential ideal (8) fails.
We consider the following system

i=ay, =i =0, (16)

on an appropriate domain. Denoting &, 7, 2 by w,v,w, we find that ® is diago-
nalisable with distinct eigenvalues and corresponding re-scaled eigenvectors X, as
follows,

__¢ I
A = 1 and Xl—(\%ﬁ,ﬁ,O),
v+ 1
)\2 = — 1 and X2 = (%,0,0),

A3=0 and  X3=(0,0,1).

The structure functions 7’s are zero except for

2
7_111:_\/5 S20 3u LU L1V 1 SLH _ 1
2 4’[), 1 40 1)7 11 4/ 3 11 24 3’ 21 8’047)
vV v
2H725'3U2*U2 2 U 2H U 2V 1
T11 = 22 y T11 =~ T12° = = T12 = 1
2U ﬁ ’U\/E 81}\/1}3 2 1}3
1
2V _ 2V H yH\\ _ 4
Tay = , 02 (R(X,X50)) ==V

 Bui
These results show that the eigen co-distributions Sp{¢!'V, '}, Sp{p?V, $21}
are non-integrable, and the third one is integrable by proposition 5 and (3!) is not
a differential ideal by corollary 1 and that the conditions (6) and (7) hold with

L o v
9= =5 = ——.
Tl 3u?

Further examination is whether or not the condition (8) holds. Calculations gives

v 2xv? — P z(4v? —ud) 1y 2V 2H
dhy = d(~5 5) = = —dt + o Vo3 ¢ (mod ¢~ , ¢,

Y6V + AT 1 A 4 A
1 QSlH

u

4uv/v3

¢1V +
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€L =AY + A+ A + A

& =0.

Thus, the condition (8) does not hold and so (X2) is not a differential ideal. There-
fore, the corresponding inverse problem of this system of second-order ordinary
differential equations (16) has no regular solutions.

Example 2. We consider another example of the subcase BNII1 analysed above.
This B3II1 system was introduced by us in [10],

r=2zt, y=0, Z ==,

on an appropriate domain. Denoting the derivatives by u,v,w, we find that ®
is diagonalisable with distinct eigenvalues and corresponding eigenvectors X, as
follows,

A= \/7? and X1 = (—\/IE,O, 1),
A=Vt and X, = (V1,0,1),
)\3 =0 and X3 = (07 ].,0)

The structure functions 7’s are zero except for

1
R A
These results show that the eigen co-distributions Sp{¢'V, ¢11}, Sp{s?", $?1}
are non-integrable, and the third one is integrable by proposition 5. Also (il> is
not a differential ideal by corollary 1, and that the conditions (6) and (7) hold with
hg = —1. Further examination gives

1
do! = —%dm@l, ot = wt —w?,

that is, the condition (5.1) holds with £} = —o:dt and & = 0 and so X2 :=
Sp{@t, w3} generates a differential ideal. The remaining conditions (13) and (14)
also hold for solution as £ = —5;dt and £ = 0. Therefore this system is variational
and the solution depends on one arbitrary function of two variables.

To determine the explicit expression of the Cartan two-form for this example,
we examine the Pfaffian equations (9) and (10). Explicitly, in this example, they
are

diy + 7€) =0,

drs + P3¢3V + Q3¢3H =0
We then find that 7, = G+t where G is a constant and r3 = r3(ui, u) is an
arbitrary function of two variables u3 = y — vt and u2 = v. Thus the Cartan

2-form finally is
w=GVtw" —w?) +r3(ul, ud)wd.
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In the next section, we will present the results for subcase 1 of case BNII in
which the rank of the system (5) is zero, that is, (X!) is differential ideal.

5.2 Case BNIIO

This is the case where ® is diagonalisable with distinct eigenvalues, two non-
integrable eigen co-distributions, n — 2 integrable eigen co-distributions and the
rank of A; is zero, that is, 1 := Sp{w®:a =1,...,n} generates a differential ideal.
In the case n = 2, this corresponds to the most difficult case of Douglas, case I1a3,
and not entirely complete in his paper. Again, we assume that Sp{¢'V, ¢*#} and
Sp{¢?V, p*H} are non-integrable and Sp{¢®", ¢ : o =3,... n} are integrable.

A full analysis can been found in [9], we restrict ourselves to stating an abbre-
viated version of the main result and an example in n = 3. The ‘certain conditions’
referred to in the theorem below correspond for this case to the conditions in the-
orem 3 for case BNII1.

Theorem 4. Assume that ® is diagonalisable with distinct eigenvalues having 2
non-integrable eigen co-distributions, n — 2 integrable co-distributions and he rank
of A1 is zero. The existence of solutions to the inverse problem depends on whether
or not certain conditions (see [9]) are satisfied. The solution (if it exists) depends
on n — 2 functions of two variables.

Example 3. This example is a straightforward modification of a case B2I10 example
where the added equation produces an integrable eigen co-distribution. Consider
the system

=z, y=z, =2

on an appropriate domain. Again denoting the derivatives by u, v, w, we find

-w 0 3
é = -1 0 O
-1 0 0

is diagonalisable with distinct eigenvalues and corresponding eigenvectors X, cho-
sen so that Vp X} = 0:

M=vV—2utw?-w and Xy =(—v—2utw?+w2,2),
No=—vV-2utw—w and Xy =(vV-2utw?+uw?2?2),

/\3 =0 and X3 = (O7 1,0).

The non-zero functions Tlfcv and Té‘CH are

an 3 _
W 2V _ 2u+w —w LH 20 _ x

T = 7T = Wa Ti1 = 7T = 72(2u w2y
AV 2V 3V—2u+w? +w CH __2H _ -z
12 12 2(2U _ wg) ) 12 12 2(2U _ ’LU2> )

/ 3
1w ov _ 3V2utw’ —w LH 20 x

Tor = —T21 = 202u — w?) To1 = —T21 *mv
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o/ 3
w_ _ov_ V2utwtw 1H ___2H _ -

Tog = —T2 = 202u —w?) To2 = —T23 *m~

These results show that the eigen co-distributions Sp{¢V, ¢t} Sp{p?"V, $?1}
are non-integrable, and the third one is integrable and (X!) is differential ideal.
Furthermore, the existence conditions of theorem 4 are also satisfied. So, the
solution depends on one arbitrary function of two variables.
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