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Symmetric identity for polynomial sequences
satisfying A}, (z) = (n + 1)A,(x)

Farid Bencherif, Rachid Boumahdi, Tarek Garici

Abstract. Using umbral calculus, we establish a symmetric identity for
any sequence of polynomials satisfying A;, 1 (z) = (n+1)A,(x) with A¢(z)
a constant polynomial. This identity allows us to obtain in a simple way
some known relations involving Apostol-Bernoulli polynomials, Apostol-
-Euler polynomials and generalized Bernoulli polynomials attached to a
primitive Dirichlet character.

1 Introduction and preliminaries

With each formal power series S(z) = Y ;o akzk—k; € C[[#]] we can associate a
polynomial sequence (Ay(z))g>o defined by

o Zk
> Ap(x) 7 = S(2)e™, (1)
k=0

or equivalently by Ax(x) = Z?:o (’f) a;x*~*. Clearly
Al (x) =kAg_1(z), k>1, Ay(z)=0. (2)

Reciprocally, it is not difficult to prove that if a polynomial sequence (Ag(x))x>0
satisfies (2) then (1) holds for

2020 MSC: 05A19, 05A40, 11B68
Key words: Appell sequence, Apostol-Bernoulli polynomial, Apostol-Euler polynomial, gen-
eralized Bernoulli polynomial, primitive Dirichlet character.
Affiliation:
Farid Bencherif — Faculté de Mathématiques, USTHB, Alger, Algérie
E-mail: fbencherif@usthb.dz
Rachid Boumahdi — Ecole Nationale Supérieure d’Informatique, Alger, Algérie
E-mail: r_boumehdi@esi.dz
Tarek Garici — Faculté de Mathématiques, USTHB, Alger, Algérie
E-mail: tgarici@usthb.dz



344 Farid Bencherif, Rachid Boumahdi, Tarek Garici

Apostol-Bernoulli polynomials (Bg(z;A))x>0 and Apostol-Euler polynomials
(Ek(x; X))k>0 in the variable = defined for A € C by

)\ez—l 7ZBI€$>\7

and for A € C\ {—1} by

)\eZJrl ngx)\

provide an example of such polynomials. If x is a primitive Dirichlet character
with conductor f = f,, then B, ,(z), n = 0,1,2,..., the generalized Bernoulli
polynomials attached to y are defined by the generating function [1]

Fy(t,z) = ZX eemt Zan |t|<27”.

The polynomial sequence (B, , (z))n>0 is another example of polynomial sequence
satisfying (1). Furthermore, if ag # 0, the polynomial sequence (Ag(x))r>0 is
called an Appell sequence [2]. Which is the case for the classical Bernoulli and
Euler polynomials By (z) and Ejy(x) defined respectively by

e k
z zz z
—et = ;(}Bk(x)—k!

and

2 d P
17 = ;Ek(aj)—

In 2003, motivated by the work of Kaneko [8], Momiyama [10] and Wu et
al. [17], Sun [14] derived a general combinatorial identity in terms of polynomials
with dual sequences of coefficients. More precisely, he considered the two following
polynomial sequences

k

Re(r) =Y (?)(—l)iuixk_i and R:(z) = f: (’Z?)(—l)zu:xk i)

=0 =0

where (uy,)n>0 is any complex sequence and (u}),>o is its dual sequence defined

for k > 0 by uj, = Ef:o (*)(—1)*u;, and proved [14, Theorem 1.1], for any integers

n,m > 0 and z 4+ y + z = 1, the following identities
_ " m — Rn k+1(y)
1)» 1 m—k +
Y (k ) Sy
k=0
m-+n—+1

1ym+ kB () _ minlz U oy
Z() m+k+1 (m+n+1)! "~ )
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-t ’é (Z) 2™ Ry w(y) + (=)™ Zn: (Z) PR () =0, (5)

(_1)"{zm: (m;_ l)xm“k(n +1+k)Rnvk(y)
+(n+m+ 2)Rn+m+1(y)}

+(—1>’"{§n: (n?) MR 4+ 14 k) Ry, (2)

k=0

e m DR (2 >}=o. ©)

Which allowed him to derive various known identities involving Bernoulli numbers.

Chen and Sun [3], by applying the extended Zeilberger’s algorithm, established
several recurrence relations for Bernoulli numbers and polynomials which generalize
the relations of Momiyama [10], Gessel [6] and Gelfand [5]. Prévost [11], by using
the Padé approximation of the exponential function, extended Chen and Sun’s
results and obtained numerous recurrence relations involving Apostol-Bernoulli
polynomials By (x; A) or Apostol-Euler polynomials & (x;A). Recently, Agoh [1]
found some shortened recurrence relations for generalized Bernoulli polynomials
attached to a primitive Dirichlet character x which allowed him to reprove and
generalize several identities on classical Bernoulli numbers and polynomials such
as Saalschiitz-Gelfand [5], von Ettingshausen-Seidel-Stern-Kaneko’s [15], [16], [13],
[8] and Chen and Sun [3] formulas. In particular, he showed [1, Theorem 2.1] that
for any integers n,m > 0 and s > 1, we have

S (m\ (sf)" FBriipra(2) = (n ek (8)" "Bk ()
;}(%) n—l—l—i—kx Z(k:)(l) m+1—|—k:X

s—

f 1
ZX (a+x+rf)™a+z+(r—s)f)"
0

a=1 r=

(—1)n+t (n +m\ "~

With the use of the well-known relation [1, Eq. (2.4)]
s—=1 f
Bux(@+sf) = Bux(@)+ 3> x(a)n(a+z+kf)" (8)

k=0a=1

where n and s are non-negative integers, identity (7) can be deduced from the
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following relation, due to He and Zhang [7, Theorem 1.2]

zm: (m) AP Ay (2) _ zn: <n> (_1)n—k A" * Ak (T + @)
= \k) (nt+q+k) = \k (m+q+ k)L
(71)n+1an+m+1

1
_(q—l)!/o (I—t)™"Ag_1(x +at)dt, (9)

where (A, (x))n>0 is any sequence of polynomials defined by relation (1), o a
complex number, and n, m > 0, ¢ > 1 any integers. Recall that the falling factorial
2% is a polynomial in z defined by 22 = 1 and

qg—1

ZQZH(Z_j)v

=0

for ¢ > 1.

It is the main aim of this paper to establish in Theorem 1 a Saalschiitz-Gelfand
type identity for the polynomial sequence (A, (z)),>0 satisfying (2). This identity
allows us to reprove some known identities for generalized Bernoulli polynomials
attached to a primitive Dirichlet character due to Agoh [1] and Apostol-Bernoulli
polynomials due to Prévost [11, Theorem 2] in a simple way.

2 Main result

Before giving our main result it is convenient to have the following lemma.

Lemma 1. For any non-negative integers n, m and q, we have the following identity

(s (q—l)m!(n—i—q—kz—l)!zk.

 (g—1)! =\ k (m+n+q—k) (10)

Proof. Consider the polynomial P(z) = z™(1 + 2)™ and let Q(z) denote the ¢-fold
primitive of P(z) defined by

Q(z):/oz/ozl.--/oz“ P(t)dtdzy_y - dz . (11)

On the one hand, by the Cauchy well-known formula [4, p. 115] for repeated inte-
gration, we have

_ 1 : y— g—1
Q) = =5 || -0 PO, (12)

(¢—1
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Changing variable ¢ into v — 1 in the right-hand side of (12) gives

1 H q—lumu_ " du
Q<z>=—)/0 (=4 1) — )T ™ (u — 1)"d

(q—1)!
1
- (q—ll)'/o (z4+ (1 —uw) ™ (u—1)"du
N~ (n I =+l ; )y dy
—%(,{)( 1) <q—1>!/ (= +1) - u) a

-1 1
7E) 1 Z (q ) "zk/o u™ (1 — u)"+q_k—1 du.

Recall that for any non-negative integers ¢ and j,

b , ilg!
/ w(l—w)fldu= —F——
and for any non-negative integer k, from the Cauchy formula (12) we have
1 /z 1,k Zha
— z—uw) ! udu = —. 13
G-y C7Y (et a )

From this, we can deduce that

R N P L
Q(Z)kzo(k>( e BRI

(m+n+qg—k)

On the other hand, expanding P(t) in (11) and using the well-known identity

+k:d d d n+k+q
t" t
[ e an =

where k is any non-negative integer, give

" omtktq
-3 () wrmrar "

Finally, by equalling both expressions (14) and (15) of Q(z) we obtain (10). O

Theorem 1. Let S(z) € C[[z]] be a formal power series and (Ai(x))k>0 be a se-
quence of polynomials given by

+oo Zk
ZAk(x)ﬁ = S(z)e”. (16)
k=0 :
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For any complex number o and any integers n, m > 0 and q > 1, we have

i CZ) W - 2": (Z) (-1 O‘nl(civrr;i(kx):— )

k=0 k=0

41 9-1
B qg—1 n+m+_km!(n+q—k—1)!
N q—l'z( k ) ! (m+n+q—k)! Ap(@). (A7)

Proof. Let
z) = Z oy
k=0

Then, from (16) we have, for r > 0,

A=Y (k) —

k=0

Inspired by the work of Rota [12], let us consider the linear map L from Clz, y] to
C[z] defined for any non-negative integers r and s by

L(z"y®) = asa” . (18)

For a = 0, it is obvious that equation (17) holds. Assume that o # 0. As for any
r > 0 we have

L@ +y)") = ; (:) ar i = A (),

L(z+a+y)") = ; (:) ar_i(z+a) = A (z+a),

replacing z with ( ¥) in (10) and applying L we get the desired relation (17). O

Remark 1. If T and J denote respectively the right-hand sides of relations (9) and
(17), then it is not difficult to show that I = J. In fact, for each fixed  and «, the
Taylor expansion of the polynomial A,_1(z + «t) in power of ¢ is given by

qg—1
Ag_1(z + at) Z( )tqlkaqlkAk(x).

k=0
Thus,
g qz_l (q - 1) 11k A, () /1 gra=1-k(] _ym gy — I
(¢—1)! =0 k 0

Which leads to another proof of Theorem 1.2 of He and Zhang [7].
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3 Corollaries

Using Theorem 1, we can give an alternative proof of He and Zhang’s theorem [7,
Theorem 1.1 and Corollary 1.2] as follows.

Corollary 1. Let S(z) € C[[z]] be a formal power series and (Ay(z))r>0 be a se-
quence of polynomials given by

400 Sk

E Ap(z)— = S(z)e**.
k!

k=0

For any complex number o and any non-negative integers n, m and q, we have

m

> () )+ e Ao

k=0
_ Z ( > n k m—|—k)ganikz4m—q+k(x+a) =0. (19)

Proof. From (2) we have for each k > 1, A} (x) = kAk_1(z) and Aj(z) = 0. Taking
g = 1 in relation (17) and then differentiating the obtained relation ¢ 4+ 1 times
with respect to x gives (19). O

Remark 2. Relation (19) is clearly satisfied for &« = 0. Note that in the case oo # 0
relation (19) can also be obtained by using the same method as in the proof of
Theorem 1. Indeed, by differentiating the following identity

m n

3 (7:) R =3 (Z) (—1)" R (1 4 )tk

k=0 k=0

q times with respect to z, we obtain
S )+ Ryt ST () (1R m - k)LL) =0,
k k
k=0 k=0
Replacing z with (Z:£) and applying the linear map L defined by (18) we get (19).
Next applying Theorem 1 and Corollary 1 for a = sf to the sequence
(Bnx(#))n>0,
with the help of relation (8) we get the following two corollaries.

Corollary 2. For integers q,s > 1, and n,m > 0, we have
zm: (m) (sf)™*B ntatho zn: < ) )= k()" Bm+q+k,x(x)
k (n+qg+k)4< = (m+q+k)4

k=0
1 f ., _ | '
= n\ ek (8S)" Mla+ x4 if)ymta-ttk
=S 3@y (7 osainry

By x(z) . (20)

CAP o2y o b
. (m+n+q—k)
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With the help of relation (13), the right hand-side of (20) can also be written,
for ¢ > 2, as

1 s—1 f ataz+if )
—_— +  f — q—a, m _ 74
(q_Q)!;aZ_lx(a)/o (a+z+if —uw)? 2" (u—sf)" du
(71)n+1 q—1 g—1 (Sf)nerJrqfkm!(n +q—k— 1)!
+‘(q_1)! ( k ) mtntq—h) By x(z) .

k=0

Taking ¢ = 1 in (20) gives immediately Theorem 2.1 of Agoh [1].

Corollary 3. For integers s > 1, and n,m,q > 0, we have

> () 0+ D)™ By

k=0

Z( ) A R B x ()
RS Zi) (o) () trasrnms i @sas sy,

a=1 r=0j

One observes that the left hand side of the previous identity can be expressed
as

da+! s—1
dquZ Za—i—x—i—rf Y"a4+x 4+ (r—s)f)".
1 r=0

a=

By taking respectively ¢ = 0 and ¢ = 1 in Corollary 3, we get Theorems 2.3 and
2.4 of Agoh [1].

The following corollary enables us to obtain Sun’s result by giving different
values to q.

Corollary 4. Let (Ry(x))n>0 and (R} (z))n>0 be the polynomial sequences defined
by (3), then for any non-negative integers n, m and q and for any complex num-
ber o, we have

i( )
- )

+<—1)m+q§nj(z>an Pyl =7 — )

= (m+k+q)H

- -Z<Q1> Tiin++nq+qk—k§!)!am+n+qkRk(x)v (21)
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- 12( ) M=k (4 k)R _ g ()

- qi}() " F(m+ k)R, (1 -2 —a)=0. (22)

Proof. If
z) = Z Uk
k=0

denotes the exponential generating function for the sequence u, then it is easy to
see that the polynomial sequences (Ry(2))r>0 and (Rj(x))k>0 satisfy

+oo k +oo k

z N _
g Rk(x)ﬁ = F(—z)e** and g Rk(x)g = F(z)e*@ 1,
k=0 k=0

Thus, it comes immediately that
Ri(x) = (—1)*Ri(1 - ).

With this, a direct application of Theorem 1 and Corollary 1 for the polynomial
sequence (Ry(x))r>0 gives (21) and (22). O

For ¢ = 11in (21) and ¢ € {0,1} in (22) we obtain respectively Sun’s results (4),
(5), and (6).

To conclude this section, we deal with Apostol-Bernoulli polynomials
(Bi(z;X))k>0 defined [9] for any complex number A, by means of the following
generating function

Zeacz

)\ezfl_zgkx)\

with |z 4+ In\| < 27. Let £ be a positive integer. Expanding the both sides of the
functional relation

A e(€+ac)z ~eT? -1
_ + Z A Zemexz
Aef -1 der 1 4

into power series of z and then equating the coefficients of Zk—f (k > 0), yields
N Bo(z 4+ 0;\) = Bo(x; \)
and
-1
NBi(x+6X) = Bi(w; ) + Y Nh(z + i)+
i=0
for £ > 1. One can see that the previous equality also holds true even when k = 0.
Therefore, for any positive integer ¢ and any non-negative integer k
-1
XNBr(z 4+ 60) = Bl \) + Y Nk(z +i) 1 (23)
i=0
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Theorem 1 enables us to obtain simply the following corollary due to Prévost [11,
Theorem 2].

Corollary 5. For any integers n,m,p >0 and £ > 1, if p > n+m+ 1 then

n

(M (n+m = k) By (x5 0) n (n+m —k)Bp_i(z;\)
2 <k>AZ (p— k)!é’f'*: > (k>(_1)k (p— k)!epf:

k=0 k=0
; p(n+m — k) (x+q)pk-t
- S () e,
—1)rplm! P! —m—k—1\ B\
YA )p! ,;J (Z) (p - ) k(gk )7 (24)

and if p < n + m then

min{zmap} (m) /\e (n +m — k)'Bp—k(x7 )‘)

— k\lygp—k
o \k (p— k)ler

B min{zmp} (n) (_1)k (TL +m — ]{?)!Bp—k(m; )‘)
k

— k\lyp—k
= (p—k)ler

/—1 ‘min(p 1,n) n n4m— ke i p—k—1

=0 k=0

Proof. Applying Theorem 1 and Corollary 1 for S(z) =
plying the whole by \* and using identity (23) give

- _ .
o= and a = /, multi-

Zm: m\  ANBuigrk(zA) i n (—1)n* Bing+r(a;A)
k) (n+q+ k)Lntatk k (m+ q+ k)Lgm+atk

= k=0
_in —q) k(Mg + k) (@ + i) rathl
2 a (m + q + k)Lm+a+k
+/\£ n+1(121 g—1\m!(n+q—Fk—1!Br(z;\)
(g—1)! (n+m+q—Fk)! £k 7

o~ (m AZBn—q—&-k(fU;)\) — (n n—k Bi—g+k(25A)
;<k>(”+k)qw—wﬂ_,§<k>(‘” (m o+ R

n

m — x4 q)matk-l
Z)‘ZZ< ) n" k(m+k)g( quzer—q-tk) - :

= k=0
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Reverse the order of summations in the two previous relations to obtain
i m )\elgn+m+q7k<x? A)
2k Jm g - i

pors k (n+m+ q— k)Lmtnta—k

k

—E)igntmiq—k
= (n+m+ g — k)Lntmta

+A

(=)t = <q - 1> ml(n+q—k—1)! Bi(z; \)

RN AN A e

gn—i—m—q—k
k=0

" /n k By ym— —k(x; )‘)
D 8 L = =
k=0
1 n

; n n+m-—ag— T -+ g)rtm—g—k-1
)\Zz<k)(—1)k(n+m—k)q( tmog-k@+i) @

/—
gn+qu+k
=0 k=0

Suppose first that p > n + m + 1. Substituting ¢ by p — n —m in (26) gives

i (?) et m = KB, (@) Z”: <n> (_pyp(nm = R)1By k(w3 2)

k=0 (p — k)ler=+ = \k (p — k)ler=F
-1 n ‘
— i n (n4+m — k)!(z +q)P~F1
- ;)\ kz:;) <k> — (p—k — 1)ler—k
(D mtmt ET pY (p—m = k= 1) B (i)
’ P! ;; (k> ( n ) Ve

Thus, we obtain relation (24). Suppose now that p < n+m. Takingg=n+m—p
in (27) gives

" (m e N By k(5 A
Z<k>(n+mk)+ pipﬂii )

k=0

3 (1)t ppmimep Bt
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Noting that the factor (n+m —k)“™=L in the left hand side vanishes when k > p,
and the factor (n + m — k)“*™=P(p — k) in the right hand side vanishes when
k > p — 1, relation (28) leads to relation (25). O

Remark 3. In a similar way, by making use of
Nég(x+60) = (=1) &l ) +2(-1) 12 )N (@ +9)",

we obtain an identity due to Prévost [11, Theorem 2], for Apostol-Euler polynomials
(Ek(x; X))k>0 defined [9] for A € C\ {—1} by means of the following generating
function

W —Zg m)\ (Jz+In ) < 7).
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