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Multiplicative Lie triple derivations on standard
operator algebras
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Abstract. Let X’ be a Banach space of dimension n > 1 and 2 C B(X)
be a standard operator algebra. In the present paper it is shown that if a
mapping d : 2 — 2 (not necessarily linear) satisfies

d([[U, V], W]) = [[d(U), V], W] + [[U,d(V)], W] + [[U, V], d(W)]

for all U, V,W € 2, then d = 1) + 7, where 9 is an additive derivation of 2
and 7 : 2 — FI vanishes at second commutator [[U, V], W] for all U, V, W €
2. Moreover, if d is linear and satisfies the above relation, then there
exists an operator S € 2 and a linear mapping 7 from 2 into FI satisfying
T([[U,V],W]) = 0 for all U, V,W € 2, such that d(U) = SU - US + 7(U)
for all U € 2.

1 Introduction

Let 2 be an associative algebra over a field F. Recall that a linear mapping
d: 2 — 2 is said to be a derivation if d(UV) = d(U)V + Ud(V) holds for all
U,V € 2. If the condition of linearity is replaced by additivity in the above def-
inition, then d is said to be an additive derivation. In particular, derivation d is
called an inner derivation if there exists some X € 2 such that d(U) =UX — XU
for all U € 2. A linear mapping d : 2 — 2 is called a Lie (resp. Lie triple) deriva-
tion if d([U, V]) = [d(U), V] + [U,d(V)] (vesp. d([U,V],W]) = [[d(U), V], W] +
[[U,d(V)], W]+ [[U, V],d(W)]) holds for all U, V,W € 2, where [U,V] =UV —-VU
is the usual Lie product. If the condition of linearity is dropped from the above
definition, then the corresponding Lie derivation and Lie triple derivation are called
multiplicative Lie derivation and multiplicative Lie triple derivation respectively.
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Obviously, every derivation is a Lie derivation and every Lie derivation is a Lie
triple derivation. However, the converse statements are not true in general.

There has been a great interest in the study of characterization of Lie deriva-
tions and Lie triple derivations for many years. The first quite surprising result
is due to Martindale who proved that every multiplicative bijective mapping from
a prime ring containing a nontrivial idempotent onto an arbitrary ring is additive
(see [13]). Miers [14] initially established that every Lie derivation d on a von Neu-
mann algebra 2 can be uniquely written as the sum d = § + 7 where J is an inner
derivation of 2 and 7 is a linear mapping from 2l into its center Z(2) vanishing on
each commutator. Furthermore, Miers [15] obtained an analogous decomposition
for Lie triple derivations of von Neumann algebras with no abelian summands. Yu
and Zhang [18] proved that every nonlinear Lie derivation of triangular algebras
is the sum of an additive derivation and a map from triangular algebra into its
center sending commutators to zero. Ji, Liu and Zhao [6] proved the similar result
for nonlinear Lie triple derivation of triangular algebras. Zhang, Wu and Cao [19]
studied Lie triple derivation on nest algebras. Mathieu and Villena [12] gave the
characterizations of Lie derivations on C*-algebras. In addition, the characteriza-
tion of Lie derivations and Lie triple derivations on various algebras are considered
in [1], [21,[3], [5],061,19], [7], [10], [16],[17], [20].

It is the objective of this article is to investigate multiplicative Lie triple deriva-
tions on Banach space standard operator algebras. Motivated by the work of F. Lu
and B. Liu [11], in Section 2, we study the characterization of multiplicative Lie
triple derivations on standard operator algebras.

2 Multiplicative Lie Triple derivations

Throughout this paper, X represents a Banach space over F, where F is the real
field R or the complex field C. By X* and B(X') we denote the topological dual
space of X and the algebra of all linear bounded operators on X, respectively. If
x € X and f € X*, then rank one operator is  ® f is defined by y — f(y)z for
y € X. A subalgebra A C B(X) is called a standard operator algebra if all the
bounded finite rank operators are contained in 2. An algebra 2l is said to be prime
if AB = 0 implies either A =0 or B = 0. It is to be noted that every standard
operator algebra is prime. Motivated by the work of Jing [11], we have obtained
the following main result.

Theorem 1. Let X be a Banach space of dimension n > 1 and 2 C B(X) be a
standard operator algebra. Suppose that a map d : 2 — 2 satisfies

d(([[U, V], W]) = [[d(U), V], W] + [[U, d(V)}, W] + [[U, V], d(W)], (1)

for all U, VW € 2A. Then d = v + 7, where v is an additive derivation and T is a
mapping from 2 into FI satisfying 7([[U, V], W]) =0 for all U, V,W € .

In particular, if d is linear and satisfies equation (1), then there exist an operator
S € 2 and a linear mapping T from 2 into FI that vanishes at second commutators

[[U,V],W], such that d(U) = SU —US + 7(U) for all U € 2.

For the convenience, in the sequel, take g € X, fy € X'* satisfying fo(xo) = 1.
Let P = 2o® fy and Q = I — P be idempotent of 2, it is obvious that PQ = QP = 0.
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Then A = A, + A, +2A,, +2A,,, where A,, = PAP, A,, = PAQ, A,, = QAP
and 2A,, = QAQ. We facilitate our discussion with the following known results.

Lemma 1. [4, Problem 230] Suppose A is a Banach algebra with the identity I. If
A,B € A and \ € F are such that [A, B] = A, then A\ = 0.

Lemma 2. [8, Lemma 2 (11)] For U = U11 + U12 + U21 + U22 cA. If Uij‘/jk =0
for every U;; € A5, 1 < 4,5,k < 2, then Vj, = 0. Dually, if Vi,;U;; = 0 for every
Uij S Qlij, 1<4,5,k <2, then Vi; = 0.

Now we shall use the hypothesis of Theorem 1 freely without any specific mention
in proving the following lemmas.

Lemma 3. Let U;; € Q[ii; 1 =1,2. If U1 Vi = VigUss for all Vig € 2[127 then
Ui + Uy € FI.

Proof. For any Vi, € ,; and Vi € A,,, we get
U11V11Via = V11 VigUaa = V11U11 Via

for all Vi, € A,,. As 2 is prime, we have U1 Vi1 = V11Uq1.
For any Vi3 € 2,, and Voo € 2A,,, we get

ViaVaaUsg = U1 Vi2Vay = ViaUsza Voo

for all Vo € A,,. It follows by the primeness of 2 that VosUsgy = Uaa Vao.
For any Vip € 2, and Vo, € 2,,, we get

U22V21V12 = ‘/21V12U22 = ‘/21U11V12

for all Vi5 € A,,. It follows that Uy Va1 = Vo1Uss.
For any V € 2, we have

(U1 4 U22)V = (U11 + Usz) (Vi1 + Viz + Vo1 + Va2)
= U11V11 + U11Viz2 + Uaa Va1 + Uaa Voo
= V11U11 + VioU11 + Va1Uss + Voo Uao
= (Vi1 + Vig + Va1 + Vao) (U1 + Ua2)
=V (Up1 + Usz).

Hence it follows that Uj; + Uas € F1I. O
Lemma 4. d(0) =0.
Proof.

d(0) = d([[0,0],0]) = [[d(0),0],0] + [[0,d(0)],0] + [[0,0],d(0)] =0.
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Lemma 5. Pd(P)P + Qd(P)Q € FI.
Proof. Let x € X, f € X*. Then

d(Pr® Q" f) = d([[Px ® Q" f, P], P]) = [[d(Pz ® Q" f), P], P]
+ [Pz @ Q" f,d(P)], P] + [Pz ® Q" f, P], d(P)]
=Qd(Pxr®Q*f)P+ Pd(Pr® Q*f)Q — Pr® Q" fd(P)Q
+ Pd(P)Px®Q"f — Pxr @ Q" fd(P)+d(P)Pzx® Q*f.

Multiplying the above identity from the left by P and from the right by @, we
arrive at

Pz ® Q" fd(P)Q = Pd(P)Pz® Q" f.
Equivalently,
Pz ® fQI(P)Q = Pd(P)Px ® fQ.

It follows that Pd(P)P = AP and Qd(P)Q = AQ for some A € C. Hence Pd(P)P+
QdA(P)Q = M. O

In the sequel, we define ¢ : > — A by
&(U) =d(U) + dpapyg—qacpyp(U) forall U e A

where dpg(pyo—qa(p)p is the inner derivation determined by Pd(P)Q — Qd(P)P.
It is easy to verify that

o([[U, V], W) = [[o(U), V], W] + [[U,6(V)], W] + [[U, V], 6(W)]
holds for all U, V, W € 2. Moreover, by Lemma 5, we have
¢(P) = d(P) — Pd(P)Q — Qd(P)P

d(P)P +d(P)Q — Pd(P)Q — Qd(P)P
:Pd( )P+ Qd(P)Q

I
>

Thus ¢(P) € FI.
Lemma 6. ¢(PUQ + QUP) = PH(U)Q + Qo(U)P for all U € .
Proof. Since [[U, P],P] = PU —2PUP +UP = PUQ + QUP, it follows that

¢(PUQ+QUP) = (b([[Uv P],P]) = [[¢(U)7P]7P]
= Pop(U)Q + Qo(U)P.

Lemma 7. ¢(Q) € FI.
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Proof. Using the similar arguments as that used in the proof of Lemma 5, we get

Po(Q)P + Qo(Q)Q € FI.
Since ¢(Q) = Po(Q)P + Pp(Q)Q + Qp(Q)P + Q¢(Q)Q, by Lemma 6, we have
Po(Q)Q + Qo(Q)P = ¢(PQQ + QQP) =0.
Consequently, we get ¢(Q) = Po(Q)P + Qop(Q)Q € FI. O
Lemma 8. If [U,V] € FI for any U,V € 2, then [¢(U),V] + [U,¢(V)] € FI.
Proof. For [U,V] € FI, we have [[U,V],W] = 0 for all W € L.

0= ¢(0) = ¢[[U’ V]v W] = [[¢(U)7 V]’ W] + [[Ua d)(V)L W]
= [[o(U), V] + [U,¢(V)], W]

for all W € . Thus [¢(U), V] + [U,$(V)] € FI. O

Lemma 9. ¢(U;;) C A5, 1 <i#j<2.

979
Proof. For Uyg € Ao, we have Uyg = [[Ulg,P],P]. Thus
¢(Ur2) = ¢([[Ur2, P, P]) = [[¢(Us2), P], P] = P$(U12)Q + Qo(U12) P,

and hence we see that Pp(Ui2)P = Q¢p(U12)Q = 0. Now for Uja, Via € 2A,,, by
Lemma 8, we have

[0(Ur2), Viz] + [Ur2, ¢(Vi2)] = A € FI. (2)
Since Uyo = [P, Uj2], by using (2), we find that

[0(Ui2), Via] = [¢([P, Ur2]), Vi2] = Al — [[P, Uia], ¢(Vi2)]
= M — ¢([[P, Urz], Vi2]) + [[¢(P), Ui2], Via] + [[P, #(U12)], Vi2]
= A + HP7 ¢(U12)}> ‘/12]

This implies that

[Po(U12)Q + Qo(Ui2) P, Vig] = M + [[P, Po(U12)Q + Qé(Ui2) P, Via]
=M+ [Pp(U12)Q — Qo(Ui2) P, Via].

Hence [Q¢(U12) P, Via] = A1 € FI. It follows from Lemma 1 that [Q¢(Ur2) P, Vi) =
0. Thus Q¢(U12)Vi2 = 0 and hence by Lemma 2, we have Q¢(U12)P = 0. So
d(U12) = Po(U12)Q € 2, for each Uyy € A,,. This implies that ¢(,,) C A, ,.
Similarly, ¢(Usa1) = Qd(Ua1 )P € A, for each Usy € 2A,, and therefore ¢(2,,) C
A,y O

Lemma 10. There is a functional f; : 2;; — FI such that ¢(Uy) — f;(Ui)I € Ay;
for all U;; € i, 1 =1, 2.
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Proof. For Uy; € 2A,,, by Lemma 6, we have

Po(U11)Q + Qop(Ur1) P = ¢(PUQ + QU1 P) = 0.

Thus, it can be assumed that ¢(U11) = A1 + A2 and ¢(Uze) = By + Bag,
here A;;, By € 2Aii,¢ = 1,2. Since [Uy1,Uz] = 0, then by Lemma 1, we have
[@0(U11), Uaz] + [Ur1, 9(Ua2)] = AI € FI. Multiplying both sides by @, we arrive at
[Qp(U11)Q,Uz2] = AQ. Consequently, by Lemma 1, [Q¢(U11)Q,Usz] = 0 for all
Usg € 2AU,,. Similarly [Un, P(ZS(UQQ)P} =0 for all Uy; € A,,.

Equivalently, [Aaa,Usz] = 0 for all Uss € 2A,, and [Uy1, B11] = 0 for all Uyg €
A, ;. Therefore, there exist scalars f1(Uy1) and fo(Usaz) such that Asy = f1(Ur1)@
and By = fo(Usz) P. Hence ¢(Ui1) — f1(Ur1)1 € A1 and ¢(Uzz) — f2(Uaa)I € Ana.

O

Our next aim is to show that ¢ is additive on 2,, and 2,,.

Lemma 11. Let U;; € 2;; and Uij S Qlij, 1< 7é 7 < 2. Then (]5(Uu + Ui]‘) —
o(Uii) — ¢(Uij) € FI.

Proof. Let Uy € A,,, Uip € 2A,,. We have

([[Ur1 + Una, P, P]) = [[¢(Ur1 + Urz), P), P] + [[U11 + Uiz, ¢(P)], P
(

On the other hand, we have
o([[U11 + Usz, P|, P]) = </5(HU117 ] P)) + ¢([[Ur2, P, P])
Combining the above two identities, we get [[¢(U11+U12) —d(U1r2) —¢(Ur2), P], P] =
0, that is
0= P(¢(Un1 + Ur2) — ¢(Ur2) — ¢(U12))Q
+ Q(¢(Ur1 + Ur2) — ¢(Ur2) — ¢(Ur2))P. (3)
Now, for any V15 € 2;, and by Lemma 5, we have
¢([[Ur1 + Urz, Vaal, P]) = [[¢(U11 + Ur2), Vaal, P] + [[Ur1 + Uiz, ¢(Vi2)], P].

On the other hand, we have

[[ (U11), Vaz), } [[U11,¢(V12)],P]
(Ur2), V2], ] [[Uu,qﬁ(Vlg)],P].

Combining the above two identities, we arrive at

[[6(Un + Ura) = $(U11) = $(Uh2), Via], P] = 0.

¢(HU11+U12,V12 > (;5( [U11,Via], P ) +¢<[[U12,V12],P]>
¢
+[l¢
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In other words,
Po(Ur1 + Uiz) — ¢(U11) — ¢(Ur2) PVia
= V12Q¢(Un1 + Ui2) — ¢(Un1) — ¢(U12)Q.  (4)
Equations (3) and (4), together with Lemma 3, gives that
¢(Un1 + Ur2) — ¢(Ur1) — ¢(Ur2) € FI.
Similarly, one can easily prove the other part. O
Lemma 12. ¢ is additive on 2A,, and 2A,,.

Proof. Let Uya,Vis € A,,. By Lemmas 5, 7 and 11, we see that

¢(Ur2 + Vi2) = ( [P + Ui2, Q + Via], Q])

([l
[[ &P+ Ui2),Q + Vial, Q] + [[P + Uiz, ¢(Q + Vi2)], Q}
[[P + U, Q + V12 )]

= [[0(P) + ¢(U12),Q + V12]7 Q] + [[P + U12,9(Q) + ¢(V12)], Q]
= ¢(Ur2) + o(V12).

Hence ¢ is additive on 2, ,. Similarly ¢ is additive on 2A,,. O

Now for any U € 2, define

A(U) = ¢(PUP) + ¢(PUQ) + ¢(QUP) + ¢(QUQ) — (f1(PUP) + f2(QUQ))I .
By Lemmas 9 and 10, we have
Lemma 13. Let Us; € %, 1 <i# j < 2. Then

(1) A(Us;) € Aij, 1 <i#j <2,

(i1) A(Ur2) = ¢(U12) and A(Uz1) = ¢(Un1),
(#31) A(Urr + Urz + Uaq + Uzz) = A(Un1) + A(Uir2) + A(Ua1) + A(Usz).

Now, we shall show that A is an additive derivation. First, we shall prove the
additivity of A.

By Lemma 12 and (i4) part of Lemma 13, we immediately get the following
result.

Lemma 14. A is additive on 2,, and ,,.

Lemma 15. Let U;; € Ui, U;; € Uiy, 1 <i# 5 < 2. Then
(i) A(UiuVig) = A(Uii)Vij + U A(Vij),
(i1) A(Vi;Uj;) = A(Vi;)Uj; + Vig A(Uj;)-
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Proof. Since Uy1Vi2 = [[Ui1, Vi2), @], by Lemmas 7 and 13, we have

A(U11Vi2) = ¢(U11Vh2) = ¢([[Ur1, Viz], Q])
= [[¢(Un1), Vial, Q] + [[Ur1, (Vi2)], Q] + [[U11, Va2, ¢(Q)]
= [[A(U11), Va2, Q] + [[U11, A(V12)], Q]
= A(U11)Vi2 + U1 A(Via).

Similarly, it is easy to prove the other identities. O
Lemma 16. A is additive on 2,, and 2,,.
Proof. Let Uyy, Vi € A,,. For any Wiy € .., by Lemma 15, we have
A((Unn + Vi) Whi2) = AU + Vi) Wiz + (Ui1 + Vi) A(Wha) .
On the other hand, by Lemmas 14 and 15, we have

A((Un1 + Vi1)Wha) = A(U11 Wag + ViaWig) = A(U11 Wh2) + A(Vi1 Wha)
= A(U11)Wiz + U1 A(Wha) + A(Vi1)Wig + Vi1 A(Wha).

Comparing the above two identities, we get
(A(U11 + Vi1) = A(Un1) — A(Vi1)) Wiz = 0.
In other words
(AU +Vi1) = A(Uyy) — A(V11))PRAQ = 0.
Since 2 is prime, it follows that
(AU +Vi1) = A(U11) — A(V11))P =0.

Hence, A(U11+Vi1) = A(Ur1) + A(Vh1) as A(RA,,) € 2A;;. Similarly, A is additive
on 2A,,. O

Lemma 17. A is additive.

Proof. Let U = Z?,j:l U, V = Z?,j:l Vij be in A. By Lemmas, 13, 14 and 16,
we have

M

N——

i,j=1

_ 22: A(Uij + Vij) = 22: (A(Uij) +A(Vz))

2

- A(ﬁj Us) + A Vig) = AW) + AV).

1,j=1



Multiplicative Lie triple derivations on standard operator algebras 365

In the sequel, we shall prove that A is a derivation.
Lemma 18. Let U;;, V;; € i, = 1,2. Then A(Uy Vi) = A(Uii)Vis + Ui A(Vig)
Proof. For any U;jq, Vi1 € A,, and Wip € 2, ,, we have by Lemma 15 that
A(UnViiWiz) = A(U11 Vi) Wiz + Un Vit A(Wha) .
On the other hand we have,

A(U11V11Wi2) = A(U11) Vi1 Wig + U1 A(Vi1 Whg)
A(Un)ViiWig + UnnA(Vi)Wig + Ui Vit A(Wha).

Comparing the above two identities, we get
(A(U11Vi1) — A(Ur1)Vin — UnnA(Vip))Wig = 0.
In other words
(A(Uan) — A(U11)V11 — U11A(V11))P91Q =0.
Since 2 is prime, it follows that
(A(U11Vi1) — A(Un1)Vir — U A(Vip))P = 0.
Hence, A(U11V11) = A(U11)Vi1 + U1 A(Vi1) as A(RA,) € 2y, Similarly,
A(Uz2Vaz) = A(Ua2)Vag + Uz A(Vaz) . U
Lemma 19. Let Uy € ., and Vog € A,,. Then
d(Ur1 + Vaz) — A(Ur1) — A(Vap) € FI.
Proof. For any Uy € ,; and Vo € 2A,,, we have

([[Un1 + Va2, Q, Q) = [[¢(Un1 + Va2), Q), Q)]

On the other hand, we have

011,Q),@Q] ) + ¢([[VQQ,Q], Q)

[

(U11)7 Q]a Q] [[¢(‘/22 5 Q}

Un) + f1(Un1), Q], } [[A(V22)+f2(U22)»Q],Q]
Ull)aQLQ] [[A(V22) Q]aQ]

On combining the above two identities, we get

[6(U11 + Vag) — A(Un1) — A(Va2),Q), Q] =0,
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that is
0= P(¢(Ur1 + Vaz) — A(U11) — A(Va2))Q
+ Q(¢(U11 + Vaz) — A(Ur1) — A(Va2))P. (5)
Now for any Wi, € 2,,, we have
d([Ur1 + Vag, Wia]) = (U1 Wiz — WiaVay)
= (U1 Wiz) — p(WiaVas) = A(U1Wia) — A(WiaVas)
= A([[Un,le],Q]) - A([[le,vzz],Q])
= [[A(U11), W2, Q] + [[U11, A(W12)], Q]
— [[A(W12), Vaz], Q] — [[Wi2, A(Va2)], Q]
= [[A(U11), Wha], Q] + [Ur1, A(W12)]
+ [Vaz, A(Wh2)] + [[A(Vaz), Wi2], Q.
On the other hand, we see that

¢([U11 + Voo, Wm]) = ¢([[U11 + V227W12],Q])
= [[#(Ur1 + Va2), Wia], Q] + [[Ur1 + Va2, A(W12)], Q]
= H¢(U11 + V22),W12]»Q} + [U11,A(W12)] + [V22,A(W12)]'
Comparing the above two identities, we obtain
[[6(Ur1 + Vaz) — A(Ur1) — A(Vaz), Wia], Q] = 0.

In other words, we get

P(¢(Ur1 + Vaz) — A(Ury) — A(Vaz)) Wi
= Wiz (¢(Ur1 + Va2) — A(Unr) — A(Va2))Q.  (6)
Equations (5) and (6), together with Lemma 3, yield that
d(Ur1 + Ua2) — A(Ur1) — A(Use) € FI. O
Lemma 20. Let Uy € A,, and Vo1 € A,,. Then
A(Ui2Va1) = A(Ur2)Var + U2 A(Var)

and
A(U1Viz) = A(U21)Vig + Ua1 A(Vig) .

Proof. For any Uy, € ,, and Vo1 € 2A,,,compute

O([Ur2, Vai1]) — A([Urz2, Va1]) = ¢([[P, Ui2], Vai]) — A(Ur2Va1 — Va1Ur2)
= [[P,¢(Ur2)], Var] + [[P, Urz], (Ve )]
— A(Ui2V21) + A(V21Us2)
= A(U12)Vo1 + U2 A(Va1) — A(U12Va1)
— A(Va1)Urg — Vo1 A(Ur2) + A(Va1Usz).
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Since
&([Ur2, Va1]) — A([Ur2, Va1]) = ¢(Ui2Vor — Va1 Ur2) — A(Ur2Var — Va1Usa) ,

by Lemma 19, we have

A(Ur2)Var + U2 A(Var) — A(Ui2Va1) — A(Va1)Urz — Va1 A(Ui2) + A(Va1Un2)

=AM e€FI.
From the later relation we obtain the two identities
A(U12Va1) = A(Ur2)Vay + U1aA(Va1) — AP, (7)
and
A(Va1Urz) = A(Var)Usz + Va1 A(Ur2) + AQ. (8)

Now it is sufficient to show that A = 0. Assume X # 0. Then by using equations
(7) and (8) together with Lemma 15, we have

A(U12Vo1Ur2) = A(Ur2)Va1Ura + U2 A (Va1 Ur2)
= A(Ui2)VarUr2 + U12A(Va1)Urg + Ui Va1 A(Uiz) + AUso,

and

A(U12Vo1Ur2) = A(U12Va1)Uig + Ur2 Va1 A(Un2)
= A(Ui2)Va1Ur2 + U12A(Va1)Usrg + Ui Va1 A(Ui2) — AUss.

Comparing the above two identities, we obtain AU;s = 0. Since F is a field, we
have Uiy = 0, a contradiction. Consequently,

A(U12Va1) = A(Ui2)Var + U2 A(Va1)

and
A(U21Vi2) = A(U21)Viz + U1 A(Via) .

Thus, we have shown that A is an additive derivation.

Proof of Theorem 1. Let us define 7 : 2 — A by 7(U) = ¢(U) — A(U) for U € 2.
For i =j , 7(Ui;) = fi(Uij)I; otherwise 7(U;;) = 0. We shall show that 7(U) € FI
for all U € 2. For Ty» € A,, and U € 2. Since

[[U,Th2], P] = [UTh2 — Th2U, P| = T12QUQ — PUPTh,,
it follows
H(T12QUQ — PUPT,) = ¢<[[U, Ty, P})

= [[0(U), Tr2], P] + [[U, (Th2)], P]
= ¢(T12)QUQ — PUP@(T12) + T12Qd(U)Q — Pp(U)PT1s.
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On the other hand by Lemma 12, we have
¢(T12QUQ — PUPT12) = ¢(T12QUQ) — ¢(PU PT1s)
= o([IP.T:2),QUQ] ) — ¢([(T12, P}, PUP] )
= HP7¢(T12)]7QUQ} + HP, T12]7¢(QUQ)}
— [[¢(T12), P, PUP] — [[T12, P], (PU P)]
= ¢(T12)QUQ + T120(QUQ) — ¢(QUQ)T12 — ¢(PUP)T12
+ T12¢(PUP) — PUP®(T12).

Comparing the above two identities, we obtain

(Po(U)P — ¢(PUP) — p(QUQ))T12 = T12(Qo(U)Q — ¢(PUP) — (QUQ)) .
Hence for all T15 € 2, ,,

(Po(U)P — Qb(U)Q — ¢(PUP) — $(QUQ)) T2
=T12(Qo(U)Q + Qo(U)Q — ¢(PUP) — $(QUQ))
By using the Lemma 3, we get the desired result.

Po(U)P +Qo(U)Q — ¢(PUP) — p(QUQ) € FI. (9)

Now by Lemmas 9 and 12, we have

Po(U)Q + Qo(U)P = ¢(PUQ + QUP) = $(PUQ) + ¢(QUP),

and hence

¢(U) = ¢(PUP) + ¢(PUQ) + ¢(QUP) + (QUQ)
= Po(U)P +Qo(U)Q + Po(U)Q + Qo(U)P
—¢(PUP) = 6(QUQ) — ¢(PUQ) — ¢(QUP)
=Pop(U)P +Qo(U)Q — ¢(PUP) — p(QUQ) € FI.
By equation (9) and by the definition of A and 7, we see that 7(U) € FI for

all U € 2. Since A is an additive Lie triple derivation, it follows that for all
UV, W el

([0, V],

o([[U V], W])-A([[U, V], W])
[[o(U), V], W] + [[U.6(V)], W] + [[U V], p(W)] —
[A@W), V], W] + [[U, AV)], W] + [[U, ,MW}AQ WD
0.

Finally, let us define 4(U) = A(U) — (TU — UT) for all U € A, where T =
Pd(P)Q — Qd(P)P. It is easy to check that ¢ is an additive derivation on 2. By
the definitions of A and ¢, we have d(U) = ¢(U) + 7(U) for all U € 2.
Furthermore, if d is linear , then ¥ and 7 are also linear. As any linear derivation
on 2 is inner, then there exists an operator S € 2 such that ¢(U) = SU — US for
all U € 2. Hence d(U) = SU — US + 7(U). This completes the proof. O
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