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Pre-derivations and description of non-strongly
nilpotent filiform Leibniz algebras

K.K. Abdurasulov, A.Kh. Khudoyberdiyev, M. Ladra, A.M. Sattarov

Abstract. In this paper we give the description of some non-strongly nilpo-
tent Leibniz algebras. We pay our attention to the subclass of nilpotent
Leibniz algebras, which is called filiform. Note that the set of filiform
Leibniz algebras of fixed dimension can be decomposed into three disjoint
families. We describe the pre-derivations of filiform Leibniz algebras for
the first and second families and determine those algebras in the first two
classes of filiform Leibniz algebras that are non-strongly nilpotent.

1 Introduction

It is well-known that a Lie algebra over a field of characteristic zero admitting a non-
singular (invertible) derivation is nilpotent [13]. The first example of a nilpotent
Lie algebra, whose derivations are nilpotent (and hence, singular) was constructed
in [8]. Further, such Lie algebras got the name characteristically nilpotent and
various papers are devoted to the investigation of characteristically nilpotent Lie
algebras [2], [5], [7], [16], [17], [19)].

The study of derivations of Lie algebras led to the appearance of a natural
generalization: pre-derivations of Lie algebras [23]. The set of pre-derivations of a
Lie algebra L is the Lie algebra of the Lie group of pre-automorphisms of L (see [4]).
A pre-derivation of L is just a derivation of the Lie triple system induced by L.
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Research on pre-derivations has been related to Lie algebra degenerations, Lie
triple systems and bi-invariant semi-Riemannian metrics on Lie groups [6]. In [4]
it was proved that the analogue of Jacobson’s result for pre-derivations is also
true. Similar to the example of Dixmier and Lister, several examples of nilpotent
Lie algebras whose pre-derivations are nilpotent were presented in [6]. Such Lie
algebras are called strongly nilpotent.

In [22], a generalized notion of derivations and pre-derivations of Lie algebras is
given. These derivations are called Leibniz-derivations of order k, and it is proved
that a finite-dimensional Lie algebra over a field of characteristic zero is nilpotent if
and only if it admits an invertible Leibniz-derivation. Furthermore, an analogue of
this result was shown for alternative, Jordan, Zinbiel, Malcev and Leibniz algebras
(9], [14], [15].

The notion of Leibniz algebra was introduced in [21] as a non-antisymmetric
generalization of Lie algebras. Since the study of derivations and automorphisms
of a Lie algebra plays an essential role in the structure theory of algebras, it is a
natural question whether the corresponding results for Lie algebras can be extended
to more general objects. An analogue of Jacobson’s result for Leibniz algebras was
proved in [20]. Moreover, it was shown that, similarly to the case of Lie algebras,
the converse of this statement does not hold and the notion of a characteristically
nilpotent Lie algebra can be extended to Leibniz algebras [18], [24].

Since a Leibniz-derivation of order 3 of a Leibniz algebra is a pre-derivation,
it is natural to define the notion of strongly nilpotent Leibniz algebras. Note that
the every strongly nilpotent Leibniz algebra is characteristically nilpotent. Thus,
one of the approaches to the classification of nilpotent Leibniz algebras considers a
subclass of Leibniz algebras, in which any Leibniz derivation of order k is nilpotent
and any algebra admits a non-nilpotent Leibniz-derivation of order k + 1. In the
case of k = 1 we have the class of non-characteristically nilpotent Leibniz algebras.
The filiform Leibniz algebras in this class were determined in [18]. Some classes
of finite-dimensional filiform Leibniz algebras up to dimension less than 10 were
classified in [1], [10], [25], [26].

This paper is devoted to the study of algebras for the case k = 2, i.e., the
class of characteristically nilpotent filiform Leibniz algebras which are non-strongly
nilpotent. It is known that the class of all filiform Leibniz algebras can be divided
into three disjoint families [3], [11], where one of the families contains filiform Lie
algebras and the other two families arise from naturally graded non-Lie filiform
Leibniz algebras. We determine those algebras in the first two classes of filiform
Leibniz algebras that are non-strongly nilpotent for any finite dimension. For the
third class this questions is reduced to the same question about Lie algebras. Note
that the classification of non-strongly nilpotent filiform Lie algebras is known only
up to dimension 11 in [6].

In order to achieve our goal, we have organized the paper as follows. In Sec-
tion 2, we present necessary definitions and results that will be used in the rest of
the paper. In Section 3, we describe pre-derivations of filiform Leibniz algebras of
the first and second families. Finally, in Section 4, we give a description of charac-
teristically nilpotent filiform Leibniz algebras which are non-strongly nilpotent.
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Throughout the paper, all the spaces and algebras are assumed to be finite-
-dimensional.

2 Preliminaries

In this section we give necessary definitions and preliminary results.

Definition 1. An algebra (L, [—, —]) over a field F is called a (right) Leibniz algebra
if for any x,y, z € L, the so-called Leibniz identity

[z,9], 2] = [[2, 2], 9] + [z, [y, 2]

holds.

Note that a derivation of a Leibniz algebra L is a linear transformation, such
that

d([z,y]) = ld(z), y] + [z, d(y)],

for any z,y € L.
Pre-derivations of Leibniz algebras are generalization of derivations which are
defined as follows.

Definition 2. A linear transformation P of the Leibniz algebra L is called a pre-
-derivation if for any z,y,z € L,

P(([z,y],2]) = [[P(x), 4], 2] + [[z, P(y)], 2] + [[z, ], P(2)].
For a given Leibniz algebra L we consider the following central lower series:
L'=1L, LML = [LF LY, k> 1.

Definition 3. A Leibniz algebra L is called nilpotent if there exists s € N such that
L5 =0.

A nilpotent Leibniz algebra is called characteristically nilpotent if all its deriva-
tions are nilpotent. We say that a Leibniz algebra is strongly nilpotent if any
pre-derivation is nilpotent.

Since any derivation of a Leibniz algebra is a pre-derivation, every strongly
nilpotent Leibniz algebra is characteristically nilpotent. An example of a charac-
teristically nilpotent, but non-strongly nilpotent Leibniz algebra could be found in
9], [18], [24].

Definition 4. A Leibniz algebra L is said to be filiform if dim L’ = n — i, where
n=dimZL and 2 <i<n.

The following theorem divides all n-dimensional filiform Leibniz algebras into
three families.
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Theorem 1 ([3], [11]). Any n-dimensional complex filiform Leibniz algebra ad-
mits a basis {e1, ea, ..., e,} such that the table of multiplication of the algebra has
one of the following forms:

[61761] = €3,
[61761]:6¢+1, 2<i<n-—1,
Fi(oy,...,an,0) =< le1 €] Zat6t+0ena
[ej, e2] = Z Qp—j+2€¢, 2<j<n-2,
t=j+2
[e1, e1] = e,
[ei, e1] = eiq1, 3<i<n—1,

le1, e] E Bieg,

FQ(/647"',67M’Y):
[62762} = Yen,
lej, 2] = Z Be—j+2et, 3<j<n—2,
t=j+2
ei,e1] = €1, 2<i<n—1,
e, e = —eiy1, 3<i<n-—1,

F3(01,02,03) =

e &) = ~lej. el 2<i<j<n-—1,
€ <€i+j+17 Citj+2,--- sen)s

[es ent1-i] ‘=1—[en+17i,ei] = g<i<n_1.
=a(-1)"e,,

where all omitted products are equal to zero and o € {0,1} for even n and a = 0
for odd n.

It is easy to see that algebras of the first and the second families are non-Lie
algebras. Note that if (61, 62,605) = (0,0,0), then an algebra of the third class is a
Lie algebra.

Further we shall need the notion of Catalan numbers. The p-th Catalan numbers
were defined in [12] by the formula

1 on
|
Cn (pl)nJrl(n)'
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It should be noted that for the p-th Catalan numbers the following identity
holds:

- 2n
2 : PP _ P 1
k=1 ko (p—Dn+p+ 10”“ @)

3 Pre-derivations of filiform Leibniz algebras

In this section we give the a description of pre-derivations of filiform Leibniz alge-
bras. First, we consider the filiform Leibniz algebras from the first family.

Proposition 1. The pre-derivations of the filiform Leibniz algebras from the family
Fi(ayg,as, ..., a,,0) have the following form:

P(ey) = Z ageq,
=1

n—2

P(e2) = (a1 + az)ez + Z ater + bp—1€n—1 + bpén,

t=3

P(63> = Z Ct€t,
t=2

Ples;) = ((2i — 1)aq + az)es; +

n n
. 2<i < {—J ,
+ Z (ar—2iv2 + (20 — 2)aza—2i43)er, - L2
t=2i+1
P(egitr1) = caeai + ((20 — 2)ay + c3)eqiy1 +
n n—1
. 2<1 < ,
+ Z (ct—2iva + (20 — 2)agoy_2i12)e, - - { 2 J
t=2i+2
where |a| is the integer part of the real number a and
(L4 (=1)")e2 =0, cooy =0, 4<t<n-—1,
(a1 — (ZQ)CY4 = 0, (3(11 — Cg)Oé4 = O,
~ n—1
Z(a2k72t+3 — Cok—2t44 + Q2002 —2¢14)02¢—2 = 0, 3<k<]| 3 IE
t=3
(2a1 + az — Cg)OéQk +
k n
3<k< |2 -1,
+ Z(a2k—2t+4 — Cop—2t+5 + Aok —2¢15)a2t—2 = 0, 2

t=3

k—1

(az — (k= 3)a1)ag = 5

k
as Zat—lak—t+4, 5<k<n—2,
t=5
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n—2
n

(a2 — (n —4)a1)an—1 = ag Z(Qt — 3)an—2143002i—1 +
t=3

o n is even,
2
+ Z(Cn—2t+2 — @p—2t41 + (2t = 3)azan i 42)ar,
t=2
(2az2 —c3 — (n—6)ar)an_1 =
7L;1
= as Z(Qt — 3)n—2i4302i—1 +
e n is odd.

w

3

N‘

+ (Cn—2t12 — an_2t+1 + (2t — 3)asan_oty2)aat,
t

I
o

(2)

Proof. Let L be a filiform Leibniz algebra from the family Fy (a4, as, . . ., ap, 0) and
let P: L — L be a pre-derivation of L. Put

n n n
Pler) = Zatet, P(es) = Z bier, P(ez) = Z crey.
t=1 t=1 t=1
From

0 = P([[e1, e1], e3]) = [[P(e1),e1], es] + [[e1, P(e1)], e3] + [[e1, e1], Pes)]
= [es, Z cre] = creq + co Z Q4€r41,
t=1 t=4

we have
6120
coar =0, 4<t<n-1.

By the definition of a pre-derivation, we have

P(€4) = P([[ehelLelD = [[P(61)761]761] + [[617P(61)]761] + [[61761}7]3(61)]

n n—1
= [(a1 + az)es + Zat_1€t,€1] + [ares + ag( Z aze; + Hen),el}
t=4 t=4

n
+ areq + az E Q1€
t=5

= (3a1 + az)eq + Z(at,g + 2a0041 )€y
t=5
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On the other hand,

P(es) = P([[e2, e1], e1]) = [[P(e2), e1], e1] + [[ea, P(e1)], e1] + [[ea, e1], P(e1)]

n n
= [(by + ba)es + Z bi_1et,e1] + [ares + ag Zatet, e1]
t—4 t—4

n
+ areq + ag E Q1€
t=5

n
= (2(11 + b1 + b2)64 + Z(bt,Q + 20,2()%,1)6,5.
t=5
By comparing the coefficients of the basis elements we have

by + by = a1 + ag,
bt:at, 3§t§n—2

Using the property of pre-derivation, we get

P(es) = P([[es, e1], e1]) = [[P(es), e1], e1] + [[es, P(e1)], e1] + [[es, e1], P(er)]

n n
= [caes + Y _ciren,en] +[ares +az Y cvreq e
t=4 t=5

n
+aies + az E Q26
t=6
n

= coeq + (2a1 + c3)es + Z(Ct—Q + 2a20—2)e€y.
=6

Similarly, from the identity

P(ej2) = P([lej, ea],e1]) =

= [[P(ej), el ex] + [[ej, Pler)], ea] + [[ej, ea], P(en)],
inductively, we derive
P(ez) = ((2i — L)ar + az)eq; +
n n
. 2<1< {—J
+ Z (ar—2iv2 + (20 — 2)azn—2i43)er, - L2
t=2i4+1
P(egiq1) = cae2i + ((20 — 2)a1 + c3)ezip1 + .
n n —
. 2<1<
+ Z (ct—2iy2 + (20 — 2)agoy_2i12)e, ='= { 2 J

t=2142

Moreover, in the case of n being even we deduce from the definition of a pre-
derivation applied to the triple {e,_1,e1,e1} that ¢ = 0. Thus we get

(1 + (—1)”)82 =0.
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Consider

P((ler, ), e2]) = P([es, e2]) (Zat )

%3]

(]

{Czem + ((2t — 2)ay + c3)eatt1
=2

+ Z (ch—2tt2 + (2t — 2)a2ak—2t+2)€k] Qo

k=2t+42
5] n
+ Z [((275 —1)ar + az)ez + Z (ak—2t42 + (2t — 2)a2ak—2t+3)€k} Qot—1

N
Il
w

k=2t+1
n 1%5%)

= ((2k — 2)ay + c3)ooreany1 + Z Z (Ch—2t42 + (2t — 2)a20)—2¢42)2res

,_
3

N |
=

[

k=2 k=6 t=2
Lz)
+ > ((2k —1)a1r + a2)azk—1€2k
k=3
n 5]
+ Z ak—2t42 + (2t — 2)azop_or43) 2165
k=7 t=3
= (2a1 + ¢3)ages
L5 k—1
+ {((216 —1)ay + az)aze—1 + Y _(Cor—2er2 + (2 — 2)az02k 20 42) a2
k=3 =2

-1

+ Z agk—2t+2 + (20 — 2)a2002—2¢43) 2t — 1}621@
t=

\.712 J k—1
+ [((2]€ - 2)@1 + Cg)Osz + Z(CQk—QtJrS + (2t — 2)a2a2k,2t+3)0¢2t
k=3 t=2
k
+ Z(a2k72t+3 + (2t — 2)a2a2k72t+4)a2t71] €2k+1-
t=3

On the other hand, using the property of pre-derivation, we get

P([le1, e1], e2]) = [[P(e1), e1], e2] + [[e1, P(e1)], e2] + [[e1, e1], P(ea)]
n n—1

= [(a1 + az)es + Z ai—16t, €] + [ares + az( ageq + 9€n> , €2]
t=4 =4

~+

n
+ b1€4 + b2 Z Qt_1€¢
t=>5



Pre-derivations and description of non-strongly nilpotent filiform Leibniz algebras 195

(a1 + a2) E Q. 1€t+E a1 E Qf—t42€k

k=t+2
+ a1 Zat 1€t +az Z o Z Q—t42€k + breg + b2 Zat 1€¢
=4 k=t42
=bies + (2@1 +as + b2)&465

L3] 2k—2

+> {(2061 +az +by)ogk—1 + Y (a1 + a2at)a2k—t+2} ek
k=3 =4
=5+ 2k—1

+ Z [(2(11 + as + ba)agy, + Z (ar-1 + a204t)052k—t+3} €2k+1-

- t=4

By comparing the coeflicients of the basis elements we have
by =0,
(2a1 + ag + bo)ay = (2a1 + c3)ay,
2k—2
(2a1 + ag + ba)agg—1 + Z (ar—1 + agoy)aog_t10 =
t—4
= ((2k —1)ay + ag)aop—1 +
1 n
3<k< PJ (4)
+ Z Cok—2t+2 + (2t — 2)asaok_or42)ar +
t—2
k—
++ ) (ask—2t42 + (2t — 2)az0ok—2¢43) 21,
t=3

[

2k—1
(2a1 + ag + b)) oy, + Z (@t—1 + asoy)aop_i43 =
=4
= ((Qk —2)a1 + c3)agy +

._.
w
IN
o
IN

—

N
[
[t

| I
‘o
~

+ Z Cok—2t43 + (2t — 2)as0k—_2¢43) a2t +
t—2

ko

+ ) (agk—2t4+3 + (2t — 2)asaop_2¢44)021—1.
=3

Now, we consider

P([[es, e1],e2]) = P([ea, e2]) (Zat Qet)

n

2
Z [ (2t = 2)ay + c3)ea1 + Z Ch—2t42 + (2t — 2)azoy,— 2t+2)ek} Qap1
t k=2t42

n3 W

5] n

+ [((275 —1Day +az)ezr + Y (an—ary2 + (2t — 2)(120%—275-&-3)64 Qat—2
=3 k=2t+1
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n
+ Z (Ch—at+2 + (2t — 2)asag_at+2)aat—1€k

—
Il

~+
Il

w

3
—

+ > ((2k — 1)a1 + ag)ook—2e25

~
Il
@
ol

L5
(ak—2t42 + (2t — 2)asap—2t43) X2t 26k

4
M=

k=7 t=3
(251
= (5ay + az)ayes + Z |:((2]€ —2)ay + c3)aop—_1
k=3
k-1

+
(]

(con—2t43 + (2t — 2)asok—o143) i1

ﬁ
= |l
S

+ > (agk—2t43 + (2t — 2)a2a2k72t+4)a2t72} €2k+1

I
w

t
L5)
—+ |:((2]€ — 1)0,1 + (12)042]6,2

=
T
[a

+

(]

(con—2t42 + (2t — 2)asor—o142)2t—1

SRS
[
—_ W

+ ) (agk—2t+2 + (2t — 2)azaog_2:+3)x21—2 | €2k

“
Il
w

On the other hand,

P([les, e1], e2]) = [[P(e3), e1], e2] + [[es, Ple1)], e2] + [[es, e1], P(e2)]

n n n
= E ci—1e, ez + [areq + ag g ay_1eq, e2] + bo E Q26
t=3

t=5 t=6
n—2 n n
= g Ct—1 E Qf—t42€k + a1 E 26t
t=4 k=t+2 t=6
n—2 n n
+ as E o1 E Op—ty2€k + ba E o€y
t=5 k=t+2 t=6

= (20,1 + ag + 63)05466
k—2

n
+ Z {(2&1 + as + 03)ak,2 + Z(Ct71 + agat,l)ak,tﬂ €L
k=7 t=>5
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= (2@1 +as + Cg)a4€6

(23] 2k—1

+ Z [(2(11 +ag + c3)agp—1 + Z (ct—1+ a2at—1)a2k—t+3] €2k 41
k=3 t=5

L%] 2k—2

+ Z [(201 +as + c3)aop—2 + Z (ct—1 + azat—l)azk—t-m] €2k -
k=4 t=5

By comparing the coefficients of the basis elements we get

(2a1 + ag + c3)as = (bag + az)oy (6)
2%k—1

(2a1 + a2 + c3)azk—1 + Z (ct—1 + azai—1)o2—t43 =
t=5

( 2k — 2)(11 + Cg)Olefl +
k

H
w
IN
o
IA
—
S
|
—
| S
=
N—"

+ > (cok—2t43 + (2t — 2)as0ak_2143)2—1 +
3

o~
= |l

+ ) (a2k—2t43 + (2t — 2)as0ok—2t44)02¢—2,
t

Il
w

2k—2
(2a1 + a2 + ¢c3)ok—2 + Z (ct—1 + agoy_1)aog—i42 =
=5
(2k — 1)ay + az)agk—o +
k

N
IN
Pl
IN
R
|3
| S
€3

+ 3 (Con—arsa + (2t — 2)apoak_ari2) 021 +
3
1

> o+

+ > (agk—2i+2 + (2t — 2)as0ok_2i43)Q2t—2.

&
Il
w0

According to by + ba = a; + ag, from equalities (3) and (6) we obtain
(a1 - ag)Oé4 = O7 (3@1 — 03)044 =0.

By subtracting of identities (4) and (7) we obtain

b n—1
Z(a2k72t+3 — Cop—2t+4 F A2Qp—2¢44) 2t —2 = 0, 3<k< 5 |-
t=3

By summarizing of identities (4) and (7) we get
k-1 5<k<n—2,

k
ag(as — (k—3)ay) = 5 02 Zat—lak—t+4 I is odd
t=>5 ’
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Similarly, we obtain from identities (5) and (8)

(2@1 +ag — Cg)OéQk +

k n
3<k< PJ 1
+ Z(a2k—2t+4 — Cok—2t45 + 2002k —2¢45)02i—2 = 0, 2
=3
and
k
k-1 5<k<n-2
ag(ag — (k —3)a1) = 5 92 Zat—lak—t+4 T
P k is even.

From equalities (4) and (5) in the case of 2k = n and 2k = n — 1, respectively,
we obtain last the two restrictions of equality (2).

Considering the properties of the pre-derivation for P([[e;,e1],e2]), 4 <i < n
and P([[e;, e2], e2]), 3 < i < n, we have identical equalities. O

In the following proposition we give descriptions of the pre-derivations of alge-
bras from the second class of filiform Leibniz algebras.

Proposition 2. The pre-derivations of the filiform Leibniz algebras from the family
F5(B4, Bs, - -, PBn,y) have the following form:

P(el) = Zatet»
t=1

P(ez) = baea + bp—1€5—1 + bpep,

n
P(€3) = thet,
t=2

P(egi) = (QZ — l)alegi —+

n n
. 2<1 < {—J ,
+ ) (ar2ire + (20 — 2)azBi_2it3)er, - L2
t=2i+1
P(egiv1) = ((2¢ — 2)as + c3)eqiy1 +
n n—1
. 2<i< :
+ ) (crmziva + (20 — 2)azBionip2)er, == { 2 J
t=2i+2
where
(€3 —2a1)B4 =0,
(b2—2a1)6420, 4§t§n—1,
CQﬁt = 07
" n—1
Z(a2k—2t+3 — Cok—2t44 + Q2B2k—2t4+4)P2t—2 = 0, 3<k<| 5 IE

t=3
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k

n
(c3 —2a1)Bak = Z(a2k72t+4 — Cok—2t+5 + a2k —2145) Bar—2, 3 <k < L§J -1,
=3
=1 o
(b2 — (k —2)a1) By, = 5 02 ;thﬁkiuﬁu 5<k<n-2,

n—1

(by —c3 — (n—5)a1)fn—1 = a2 Z(2t —3)Bn—2t+3P2—1 +

s =3 n Iis odd,
n2
+ Z(Cn—2t+2 — Ap_2t41 + (2t — 3)a2fBn—2t42)Pot,

t=2

n-2
2
(b2 — (n —3)a1)Bn-1 = a2 2(215 — 3)Bn—2t+382t—1 +

=3 n is even.

-2

‘ 3
©

+ > (en—2t42 — an—2t41 + (2t — 3)a2Bn—2t+2)Bot,

ﬂ
I
o

9)
Proof. Let P be a pre-derivation of a filiform Leibniz algebra L from the second
class. Put

Per) = Zatet, P(eqg) = thet, P(es) = thet.
t=1 t=1 t=1

From the definition of a pre-derivation we obtain that

P([le2,e1], e1]) = [[P(e2), e1], ex] + [[e2, P(e1)], e1] + [[ez2, e1], P(e1)]

= HZ bet, e1], e1] + [[ez, Z ateq), e1]

n—1 n
= [bies + Z bresy1,€e1] = bres + Z bi—ze;.
=3 =5

On the other hand, P([[e2, e1],e1]) = 0, since [ez, e1] = 0. Thus, we have

b =0,
by =0, 3<t<n-2.

Hence, P(62) = boeg +bp_1€—1 + bpen.
From

0= P([[e1,e1],e3]) = [[P(e1), e1], es] + [[ex, P(e1)], es] + [[e1, e1], P(es)]

n n
= [es, thet] =c164 + C2 Zﬁt—len
t=1 t=5
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we get
(31:0, Cgﬁtzo, 4§t§n—1.

Inductively, we obtain from the definition of a pre-derivation applied to the
triples {e1,e1,e1} and {e;,e1,e1} for 3<i<n—2,

P(eai) = (2i — 1)ares; +

+ Z (@t—2i+2 + (20 — 2)azBi—2i13)et,
t=2i+1

P(62i+1) = ((21 — 2)@1 + Cg)eglqu +

+ Z (ct—2it2 + (20 — 2)azBi—2i12)et,
t=2i+2

Now, we consider

P([[ex, e1], e2]) = [[P(e1), e, e2] + [[e1, Per)], e2] + [[e1, e1], Plez)]
= [[Z aes, e1], ea] + [[e1, Zatet ea] + [e3, baea + by—1 + beey]

= (2a1 + b2)faes
L3 2k—2

+ Z [(201 + b2)Bok—1 Z (at—1 + a2ﬁt)ﬂ2k7t+2} €2k
k=3 t=4
=) 2k—1
+ {(%1 +b2)Bak + > (a1 + a2ﬁt>62k7t+3] €2h+1-
k=3 t=4

On the other hand,

P((ler.e). e2]) = P([es, e2]) (Zﬁt 1)

3]
= ﬁ4(2a1 + 63)65 + [52]@71(2]{ — 1)a1

k=3
k=1
+ ) Bor(con—ar42 + (2t — 2)aBor—2042)
=2
k-1
+ ) Bar1(azk—2era + (2t — 2)0252k—2t+3)} €2k
=3
L5+ k—1
+ ) [ﬁzk((% —2)ay +c3) + Y Bar(con—2e43 + (2t — 2)az ok 13)
k=3 =2
k

+ Z Bar—1(azk—2t4+3 + (2t — 2)a2ﬂ2k—2t+4)} €2k+1-
=3
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By comparing the coefficients of the basis elements, we have

(2a1 + b2)Bs = (2a1 + ¢3)fa,

2k—2
(2a1 + b2)fog—1 + Z (ar—1 4 a2B) Pok—t42 =
t—4
= Pak—1(2k — 1)as +
k—1
+3 " Bar(can—arra + (2t — 2)azBor—2r42) +
t=2
k—1
+ Z Bai—1(ask—2t4+2 + (2t — 2)azfok—2:+3),
=3
2k—1
(2a1 + b2)Por + Z (at—1 + a2B:) Pak—t43 =
t—4
= ﬂgk((Qk — 2)&1 —+ 63) +
k—1
+ Z Bat(cor—2t4+3 + (2t — 2)azPok—2t+3) +
=2
k
+ Z Bat—1(azk—2t43 + (2t — 2)a2fok—2t+44)-
=3

Analogously, from the identity

201
(10)
3<k< {%J (11)

P([es, e2]) = P([[es, e1], e2]) = [[P(es), e1], e2] + [[es, P(e1)], e2] + [[es, e1], Pe2)],

we obtain the following conditions for the coefficients:

(a1 + bz + ¢3)B4 = 5a1 4,

2%—1
(a1 + by + c3)Bak—1 + Z (ct—1 + a2Bi—1)Bok—143 =
=5
= Par—1((2k — 2)a; +¢3) +
k=1
+3 Bar1(Con—ares + (2t — 2)asBok—2:43) +
=3
k

+ Z Bat—2(ask—2t+3 + (2t — 2)asBok—2t44),
=3
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2k—2
(a1 + b2 + c3)Bar—2 + Z (ct—1 + a2Bi—1)Bok—t42 =
=5
= Bak—2(2k — 1)ay +
_ n
+ kzl Bot—1(Cok—2tt+2 + (2t — 2)agPor—_2t+2) + isks LiJ (15)
s
+ 3 Bor-a(azk-2p2 + (2t — 2)azBok—2e13)-
=3

It is not difficult to see from (10) and (13) that we have
(Cg - 2(11)64 = 0, (bg - 2(11)64 =0.

Similarly to the proof of Proposition 1, by summarizing and subtracting equal-
ities (11) and (14), we obtain

k
n—1
> (a2k-2043 — Cok—2044 + A2 Bok—2144)B2t—2 = 0, 3<k< { 5 J
t=3
and
k
k—1 5<k<n-2,
(b2 — (k — 2)a1)Bx = 5 02 tz:;ﬁt—lﬁk—t-ﬂ L is odd.
From equalities (12) and (15) we have
k
n
(c3 —2a1)Par = Z(a2k—2t+4 — Cok—2t45 + a2B2k—2t+5)P2r—2, 3<k < [§J -1,
t=3
and
k
k—1 5<k<n-—2,
(b2 = (k = 2)a1)B = —5—a» > Bi1Br-tia & Is even.

t=>5

From equalities (11) and (12) in the case of 2k = n—1 and 2k = n, respectively,
we obtain the last two restrictions of equalities (9).

Considering the properties of the pre-derivation for P([[e;, e1],ez]) for4 <i<n
and P([[e;, ea], e2]) for 3 < i < n, we have the identical equalities. O

4 Strongly nilpotent filiform Leibniz algebras

In this section we determine those algebras in the first two classes of filiform Leibniz
algebras that are non-strongly nilpotent. For the third class this question is reduced
to the same question about Lie algebras.
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First, we consider the case of filiform Leibniz algebras from the first class. From
Proposition 1 it is obvious that if there exist the parameters ai, as, ¢o, c3 such that
(a1,a9,c2,¢3) # (0,0,0,0) and the conditions (2) hold, then a filiform Leibniz
algebra of the first family is non-strongly nilpotent, otherwise is strongly nilpotent.

Proposition 3. Let L(ay,as,...,a,,0) be a filiform Leibniz algebra of the first
family. If oy = a5 = --+ = a1 = 0, then L is non-strongly nilpotent.

Proof. It is immediate that, if ay = a5 = -+ = a,_1 = 0, then the restriction
(2) holds for any values of aj,as,c3. Thus, we have that L has a non-nilpotent
pre-derivation, which implies that L is non-strongly nilpotent. O

It is obvious that any algebra from the family F3(0,...,0, ay,,0) is isomorphic
to one of the following four algebras:

Fi(0,...,0,0,0), Fy(0,...,0,0,1), Fy(0,...,0,1,0), Fy(0,...,0,1,1).

Note that the algebras F(0,...,0,0,0), F1(0,...,0,0,1) and Fy(0,...,0,1,1)
are non-characteristically nilpotent (see [18]). The algebra F3(0,...,0,1,0) is char-
acteristically nilpotent, but non-strongly nilpotent.

Now we consider the case of a; # 0 for some i (4 < i <n —1). Then from (2)
we have that c¢o = 0.

Theorem 2. Let L be a filiform Leibniz algebra from the family Fy (aq, a5, ..., oy, 0)
and let n be even. Then L is non-strongly nilpotent if and only if the parameters

(4, 5,06, ..., Qp_1, n, 0) have one of the following values:
oy #0
) o = (—l)kC;§_3ai_3, 5<k<n-2
3<s< n— 27
Caesyrs = (~1)F1CP2ab,, 2.
i 1<is 575
4<j<n-2
2 =0, j# (25— 3)t 4 3;
iii) g =0, 2<i< =2

where CP = m(”g) is the p-th Catalan number.
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Proof. From Proposition 1 we have

(a1 —az)as =0, (3a1 —c3)ay =0,

k
n—2
Z(a2k—2t+3 — Cok—2t+4 + Q202K —2¢44) 22 = 0, 3<k<——,
t=3
(2a1 + az — c3)azy +
k n—2
3<k< ,
+ Z(a2k—2t+4 — Cok—2t45 T A202k—2¢45) -2 = 0, -T2
=3
k=1 o
(az — (k= 3)a1)ag = 5 as Zat_lozk_t+4, 5<k<n-—2,
t=5
n-2
2
(a2 — (n = 4)ar)an—1 = az » (2t — 3)an_ge 3021 +
t=3

n—2

2
+ Z(Cn72t+2 — Gn—2t+1 + (2t — 3)a2an_ot12)ao;.

~+
N

(16)
Case 1. If a4 # 0, then from the first two equalities of (16) we get as = ay,
c3 = 3a; and from the next two equalities of (16) we obtain

Ci = ;i1 +arey, 4<i<n-—3.

Since ay = a1, cs = 3a1, we get that L is non-strongly nilpotent if and only if
a1 # 0. Therefore we have

k
k—1
Qg = o~ > O 10k—t44, 5<k<n-2,
20 2

(5—n)aran_1 =

n—2
= (Cn2 — n_3 + ar0m_2)as + a1 Y _(t = 2)an_ri204.

=5

Using identity (1) we get that
ap = (-1)FC?_ 30573, 5<k<n-2

and

1 n—2
Cpeg = — ((5 —n)a1an—1 — a1 Z(t — 2)an,t+2at> + ap_3 — A100,_o.
a4 t=5

Note that the parameters a,,_1, «;,, and 0 are free and we have the case i).
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Case 2. Let g, # 0 for some s (3 < s < 252) and ap; =0 for 2 <i < s — 1.
Then similarly to the previous case from identity (16) we get

(2a1 + ag — c3)ans =0, (a2 — (25 — 3)ay)ags =0,

which derive as = (2s — 3)ay, ¢z = (2s — 1)a; and

C =a;—1 tage;, 4<i<n-—2s+1.

If L is non-strongly nilpotent then a; # 0. Consequently, we have

k
k—1)(2s—3
(2s — k)ay, = % Zat,lak,t+4, 5<k<n-2.
t=5

Inductively, we obtain by using ag; = 0 for 2 <4 < s—1 and applying (1) that

Qg = 03 .
Jj# (25 —3)t+3,
5— n—>5
®(25-3)t+3 = (- e 2ah,, lsts {25 _ 3J :
From the last identity of (16) we have
n—2s+2
Cn-2st2 = — ((25 +1—n)agan—1 — (258 — 3)ay Z (t— 2)an_t+2at)
2s t=2s+1

2
+ an—2s41 — (25 — 3) a1 —2542-

The parameters «,_1, o, and 6 may take any values and we obtain case ii).

Case 3. Let ag; =0 foralli (2 <i < anz) Then the first four equalities

of (16) hold and from the last equalities we have

015((12 — 2&1) = O,
S
n—2
azsy1(az — (2s — 2)ar) = sas Z Q211025 +5-2t, Ss< —5
t=3

n—2

2
(0,2 — (n — 4)0,1)(Jén_1 = a Z(Qt — 3)an_2t+3a2t_1.
t=3

Taking a; = az = 0 and c3 # 0, we have that previous equalities hold for any

values of aips41. Since c3 # 0, this algebra is non-strongly nilpotent and we obtain
O

the case iii).
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Theorem 3. Let L be a filiform Leibniz algebra from the family Fy(ay, as, . .., oy, 0)
and let n be odd. L is non-strongly nilpotent if and only if the parameters

(a4, 5,6, . - ., Qp_1, @y, 0) have one of the following values:
. (e %] 75 0
i
(-1)FCE_3ah™3, 5<k<n—2
3§s§";§
A(as—zytt3 = (—1)'TCFak,, _5
1<t _—
ii) =1 s LQ 34
Olj = 0,
Jj# (25 —3)t+2;
i) ag; =0, 2§i§ng{
2§s§";§
Q(os2yps = (1) CP T ah . -5
iv) 1<t<| — 2Ja
4<j<n-2
=0
o ,

j# (25— 2)t + 3.
Proof. From Proposition 1 we have

(a1 —az)ay =0,

(3a; — c3)ay =0,

k
n—1
Z(a2k—2t+3 — Cok—2t+4 + Q202K —2¢44) 22 = 0, 3<k<——,
t=3
(2a1 + az — c3)ag, +
k n—3
3<k< ,
+ Z(GQk—2t+4 — Cok—2t45 + A202k—2¢45)2t—2 = 0, -T2
=3
E-1
(a2 — (k= 3)a1)ag = 5 as Zat_lozk_t+4, 5<k<n-—2,
t=5
n—1
2
(2a2 —c3 — (n—6)ar)a,—1 = az Z(Zt — 3)n—2t4+3002¢—1 +
t=3

w

n—

2
+ Z(Cn72t+2 — Gn—2t+1 + (2t — 3)ag0n_2t42) 0

~+
(&)
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Case 1. ay; # 0 for some s (2 < s < ”T_?’) and ag; = 0 for 2 <7 <s—1. Then
similarly to the proof of Theorem 2 we get

az = (2s — 3)aq,
c3 = (258 — 1)ay,
C; = aj—1 + G20, 4<i<n—2s+1.

Consequently we have

(k—1)(2s—

k
3)

Inductively, we obtain by applying (1) that

_ n—>5
Q(25—3)t4+3 = (1) e %ak,, 1<t < {25 — SJ ,
Oéj = O, i
Jj#(2s—3)t+3
From the last identity of (17) we have
n—2s+2
Crn—2s12 = ((23 +1—n)aray—1 —(2s — 3)ay Z (t— 2)an,t+2at)
*2s t=2541

2
+ Ap—2s+1 — (23 - 3) A10&p—2542-

Thus, we have the cases i) and ii).
Case 2. Let ag; =0 foralli (2 <i < ”7_3) Then the first four equalities
of (17) hold and from the last two equalities we have

015(CL2 — 2&1) = 0,

aosr1(as — (2s — 2)ar) = sas Z Q210251 5_2¢, 3<s<
=3

(2as — c3 — (n — 6)ay)a,—1 = 0.
(18)

If a,—1 = 0, then taking a; = ay = 0 and ¢3 # 0, we have a non-nilpotent
pre-derivation for any values of ag;41, and so we have the case iii).

If ,—q # 0, then ¢3 = 2as + (n — 6)a; and we obtain that

non-nilpotency of pre-derivations depends of the parameters ag; 1.

Let o541 be the first non-vanishing parameter among {as, a7, ..., ap—4, p_2}.
Then we get

az = (2s — 2)a;.
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Inductively, we obtain by applying (1) and (18) that

o n—>5
Q(25—2)143 = (—1)t+10t2 104§s+17 1<t< {25 — 3J

and

« - ) .
! j# (25 —2)t + 3.
Therefore, we have the case iv). O

Now we give the classification of non-strongly nilpotent filiform Leibniz algebras
from the second class.

Proposition 4. Let L(f4,05,...,0n,7) be a filiform Leibniz algebra of the second
family. If B4 = s = - -+ = Bn—1 = 0, then L is non-strongly nilpotent.

Proof. Analogously to the proof of Proposition 3. O

It is obvious that any algebra from the family F5(0,...,0, 3,,) is isomorphic
to one of the algebras Fy(0,...,0,0,0), F5(0,...,0,1,0), F5(0,...,0,0,1). Note
that these algebras are non-characteristically nilpotent (see [18]).

Now we consider the case of 3; # 0 for some ¢ (4 < i <mn —1). Then from (9)
we have that ¢y = 0.

Theorem 4. Let L be a n-dimensional complex non-strongly nilpotent filiform
Leibniz algebra from the family F5(By, ..., Bn,7y) and n even. Then L is isomorphic
to one of the following algebras:

-2
F225(07~-'70762870~-~a076n—176na7)7 523:1, 2§5§n2 5
F2(07ﬁ570aﬂ7707 cee 7O7ﬁn—176n77)'
Proof. From Proposition 2 we have:
(Cg — 2@1)64 = 0,
(b2 — 2(11)54 = 0,

b n—2
Z(azk—2t+3 — Cog—2¢+4 + a2fB2k—2t14)Bar—2 = 0, 3<k< 5
t=3

b n—2
(c3 —201)Bak = > _(Gk-2044 — Cok—2t45 + A2Bak—2145)B2e—2, 3 <k < 5
t=3

k—1

(b2 = (k = 2)a1) B = —5

K
as Zﬂt—lﬂk—t+47 5<k<n-—2
t=5
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n—2

(by — (n—3)a1)Bn-1 = az Y _ (2t — 3)Bn_2i43B21-1 +
=3

n—2

2
+ Z(Cn—2t+2 — Gp—2t+1 + (2t — 3)a2fn—_2t+2) B2

-~
[\S]

(19)
Case 1. Let 84 # 0, then from (19) we have

C3 — bg = 2661,

¢ = a;—1 + a20;, 4<i<n-3,
E-1 &
(4 —k)a1Br = ag Zﬂt—lﬁk—t+4, 5<k<n-—2,
2 =5

(5—n)ai1Bn-1 = (cn—2 — @n-3 — a2PBn—2)Bs +

n—2
+az Z(t = 2)Bn—t+208t-

s

Since L is non-strongly nilpotent, we get a; # 0 and

2(12

55:—7152,
(k—1)a i
B 2
Y7 A <k<n-2.
P 2(4—k)a1;5t—1ﬂk—t+4, 6<k<n-2

From the isomorphism criterion in [10, Theorem 4.4] we have that if two algebras
from the family F5(B4, ..., [n,y) are isomorphic, then there exist A, B, D € C, such
that

Bi= b = (55— LB,

where §; and ] are parameters of the first and second algebras, respectively.
Putting D = ‘g—j and B = ‘ggg we obtain §y = 1, 5 = 0. Therefore,

we have shown that, if L is a non-strongly nilpotent algebra from the family

F5(Bay -+, Bn,7), with B4 # 0, then we may always suppose

Bs =1, Bs = 0.

Moreover, from (5 = —223% we obtain a; = 0, which implies 8, = 0 for

6<k<n-—2and “

(5 — n)alﬂn—l
Ba '
Thus, L is isomorphic to the algebra F»(1,0,...,0,8n—1, Bn,7).

Cp—2 = Qp-3 +
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Case 2. Let 825 # 0 for some s (3 < s < ”7_2) and Bo; = 0for 2 <i<s-—1.
Then we have

b2 = (28 — 2)&1,
c3 = 2ay,
¢i = a;—1 + azfi, 4<i<n—2s+1,
k-1 &
(2s — k)a1 By = 5 02 ;5t—1ﬂk—t+4, 5<k<n-—2,
(2s+1—n)a1Bn—1 = (Cn—2542 — An—25+1 — a2Bn—2s+2)B2s +
n—2
+ az Z(t = 2)Bn—t+25t-
t=5

Since L is non-strongly nilpotent, we get a; # 0, which implies

B5:...:52871:0'
Moreover, we have
_ (25 — 2)ag .o
/848—3 - (28 _ 3)@1 523'

From the isomorphism criterion for filiform Leibniz algebras of the second class
in [10, Theorem 4.4], we obtain

D
ﬁés = AQS,Q 6257

D 2s —2)B
Blo—z = =] <54s—3 - (SA)6§S> .

Putting D = % and B = (21164725)’;%5, we have B, = 1, B4,_5 = 0. There-
fore, we have shown that, if L is non-strongly nilpotent algebra from the family
F5(Bay ...y Pn,7y), with Bag # 0 and Bo; = 0 for 2 < ¢ < s — 1, then we may always

suppose
523 = 17 543—3 =0.

Moreover, from B4s_3 = — g::;i;i B3, we obtain ay = 0, which implies 3; = 0

for 2s+1<k<n-—2and

(2s+1—n)aiBn-1
625 '

Cn—2s4+2 = An—2s+1

Thus, L isomorphic to the algebra

F25(0,...,0,825,0...,0, Bn_1, Bn,7), Baos = 1.
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Case 3. Let 8oy =0 for 2 < s < "7_2, then we have

k
k—1
(b — (k= 2)a1)Br = 5 02 ;Btflﬂkfﬂréh 5<k<n—2,
(by — (n—3)a1)Bn-1 = az Y (2t = 3)Bn 21302t 1.
=3

Taking a; = bs = 0 and ¢3 # 0, we have that the previous identities hold for any
values of fa511. Since ¢z # 0, this algebra is non-strongly nilpotent. Therefore, we
obtain the algebra F5(0, 35,0, 87,0,...,0, Bn-1, Bn,7)- O

Theorem 5. Let L be a n-dimensional complex non-strongly nilpotent filiform
Leibniz algebra from the family F5(By4, ..., fn,v) and n odd. Then L is isomorphic
to one of the following algebras:

FJ(0,...,0,8;,0...,0, 851, Bn.7); Bi=1  4<j<n-2
F2(055570a67707--~707Bn—27075n77)~

Proof. Analogously to the proofs of Theorems 3 and 4. (|

Now, we consider a Leibniz algebra L from the third family F5(61, 62, 60s). Note
that L is a parametric algebra with parameters 61, 65,63 and af; ;- The parameters
aﬁj appear from the multiplications [e;, e;] for < ¢ < j < n—1. In the case of
0, = 0 = 03 = 0, the algebra L is a Lie algebra.

In the next proposition we assert that the strongly nilpotency of L(61,0s,603) is
equivalent to the strongly nilpotency of L(0,0,0).

Proposition 5. An algebra L(6;,02,605) from the family F3(01,0s,03) is strongly
nilpotent if and only if the algebra L(0,0,0) is strongly nilpotent.

Proof. Note that the parameters 61, 03, 63 appear only in the multiplications [e1, e1],
[e1, €], [ez2, €a]. Since [P(x),y], [z, P(y)], [x,y] € L? and e1, e2 € L? the parameters
f; do not appear in the identity

P(llz,y],2]) = [[P(2), 9], 2] + [z, P(y)], 2] + ([, 9], P(2)], .9,z € L.

Therefore, the spaces of pre-derivations of L(f1,6s,03) and L(0,0,0) coincide.
U

It should be noted that family F3(0, 0, 0) give us the class of filiform Lie algebras.
Filiform Lie algebras admitting a non-singular pre-derivation but no non-singular
derivation are classified up to dimension 11 in [6]. From this result we have the
classification of non-strongly nilpotent filiform Lie algebras with dimension n < 11,
but it is not known the description of strongly nilpotent filiform Lie algebras for
arbitrary dimension.
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