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Rota-type operators on 3-dimensional nilpotent
associative algebras

N.G. Abdujabborov, I.A. Karimjanov and M.A. Kodirova

Abstract. We give the description of Rota—Baxter operators, Reynolds op-
erators, Nijenhuis operators and average operators on 3-dimensional nilpo-
tent associative algebras over C.

1 Introduction

Rota-Baxter algebra appeared from the probability theory and has found appli-
cations in many fields of mathematics and physics, such as number theory, quasi-
symmetric functions, Lie algebras, and Yang-Baxter equations. Rota-Baxter oper-
ators were defined by Baxter to solve an analytic formula in probability [2],[7], [9],
[10]. It has been related to other areas in mathematics and mathematical physics
(1, 3], (5], [15], [21

A Rota-Baxter operator on an associative algebra A over a field F' is defined to
be a linear map P : A — A satisfying

P(x)P(y) = P(xP(y) + P(x)y + \zy), Ve,yc A, M€F. (1)

Note that, if P is a Rota-Baxter operator of weight A\ # 0, then A~!P is a Rota-
Baxter operator of weight 1. Therefore, it is sufficient to consider Rota-Baxter
operators of weight 0 and 1.

At the moment there are descriptions of all Rota—Baxter operators on 3-dimensional
simple Lie algebra[19], [20], on 4-dimensional simple associative algebra [21] and
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some other algebras [4], [11], [16]. The study of some particular cases of Rota—Baxter
operators was initiated in [22], [23] and [8]. Recently, in [13] the authors presented
all homogeneous Rota-type operators on null-filiform associative algebras.

Here we give also the definition of operators which we consider in the present
paper.

e Reynolds operator: P(z)P(y) = P(xP(y) + P(x)y — P(z)P(y))
P

(xP(y) + P(z)y — P(zy))

e average operator: P(z)P(y) = P(zP(y))

e Nijenhuis operator: P(z)P(y) =

Low dimensional associative algebras have been classified in several works. Ha-
zlett classified nilpotent algebras of dimension less than or equal to 4 over the
complex numbers [12]. Afterwards, Kruse and Price classified nilpotent associative
algebras of dimension less than or equal to 4 over any field [14]. Mazzola published
his results on associative unitary algebras of dimension 5 over algebraically closed
fields of characteristic different from 2, and on nilpotent commutative associative
algebras of dimension less than or equal to 5 over algebraically closed fields of
characteristic different from 2,3 [17], [18].

Throughout this paper algebras are considered over the field of complex num-
bers.

Theorem 1. [6] Any three-dimensional complex nilpotent associative algebra A is
isomorphic to one of the following pairwise non-isomorphic algebras with a basis
{61, €o, 63}.‘
Ayt ereg = eze1 = eg,
Ay ef = eg,€e1€2 = €2€] = €3,
As :ereg = —eze; = e,
7 e% = eg,eg = qeg,e1e0 = ez, with a € C,

A5 .e1ep = ea.

and the omitted products vanish.

Now let P be a linear operator on A such that

P(e1) a1 a2 a13 e1
Ples) | = | a1 az2 ass €2
P(e3) a31  azz  ass €3

2 Main result
2.1 Rota—Baxter operator

Theorem 2. There are five types of Rota-Baxter operators of weight 0 for the
3-dimensional associative algebra A, which are as follows:
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air 0 a3
Pl = 0 ang a923 where a2 # —ail
a11a22
0 0 ajitazz
0 0 ais
P2 = 0 0 a23
0 0 ass
a1 0 a3
Ps=1as 0 a3 where as; # 0
0 0 O
0 a2 a3
Pi=10 a9 aos where a1 # 0
0 O 0
ail a2 a3
2
P = % aj1  ass where aj1a12 # 0

0 0 ail

Proof. Since P is a linear operator, we only need to consider the base elements.
We have the equations:

agr = agz =0,
a12(a33 - a11) =0,
azi(ass — aze) =0,

a12a21 + a11a22 — azz(a11 + az) =0

(e2)P(e3) = P(e2P(es) + P(ez)es) = az1 =0

(e1)P(es) = P(erP(es) + P(e1)es) = aze = 0
P(e1)P(e1) = P(erP(er) + P(er)er) = aja(azs —ayp) =0

(e2)P(e2) (e2P(e2) + P(e2)ez) = azi(azs — aze) =0

(e1)P(e2) = P(erP(e2) + P(e1)e2)

e1)es) = ai2a21 + ar1a22 — agz(ain + az) = 0.

The missing cases P(e3)P(e1), P(e3)P(e3) and etc., lead to equations equivalent
to the ones in the system (2).
Now we consider all possible cases:

Case 1. If aj5 = 0, then the system of equations (2) becomes

az1 = azz = a1z =0,
az1(ass —azn) =0, (3)

a11a22 — azz(air + age) = 0.
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Case 1.1. e If ay; = 0 and asy # —aq1, then we obtain
aiz 0 ais
Pr=10 a2 ass3 ,  Q F —ain
O 0 a11a22
aiitazz
e If as; = 0 and asa = —aq1, then from system of equation (3) we get

a29 = a1 = 0 and we have

P =

o O O
o O O
S
IN)

w

Case 1.2. If ay; # 0, then from system (3) we derive azz = age = 0 and

a1 0 a3
Ps=lax 0 ax]|, azn#0.
0O 0 O

Case 2. If a3 # 0, then system (2) becomes

as1 =aszx =0, a2 #0,
a33 = ai1,
a21(a11 - a22) =0,

2
12021 — Ay; = 0.

Case 2.1. If as; = 0, then we get azs = a;; = 0 and deduce

0 a2 a3
Pi=10 ax aas], a2#0.
0 O 0

Case 2.2. If ag; # 0, then system of equations (4) becomes

az; = agz =0, ajaz #0,
agz = a2 = Aa11,

2
12021 — all =0

which will yield us to the Rota-Baxter operator

a11 a2 ais
2

a
Ps=132 an as|, ajarz # 0.

0 0 ail
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Theorem 3. The Rota-Baxter operators of weight 1 on the 3-dimensional associa-
tive algebra Ay are the following:

0 0 a13
Pr=10 -1 a3 ;
0 0 ass
-1 0 ai13
P2 = 0 0 a3 | ,
0 0 ass
a1 0 a3
Py=1{ 0 ax az3 ; an +ag # -1
a11a22
0 0 1+ai1+az2
a1 0 a3
Pi=lan 0 aos|, az #0
0O 0 O
a1 0 a3
Py=|an -1 azs], az #0
0 0 -1
0 a2 a3
Ps=10 ax ax3], a2 #0
0 O 0
-1 a2 a3
Pr=10 ax axs], a2 #0
0 0o -1
a1 a2 a3
B = %EH) a;n ass |, ar1a12(1 + a11) # 0.
0 0 a1

Proof. Since P is a linear operator, we only need to consider the base elements
which P satisfying equation (1) with A = 1. We get the equations:

a3y = azz = 0,
ai2(ass —ai1) =0,
asi(ass — aze) =0,

12021 + a11a22 — azz(1l + a1 + az) = 0.

(5)

So, the solutions of the system of equations (5) give us all Rota-Baxter operators
of weight 1 for A;. O
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We present the list of Rota-Baxter operators of weights 0 and 1 on the Ay, A3, A}
and Aj algebras.

0 azxx ass

Algebra | Rota-Baxter Operators of weight 0 Restrictions
0 a2 a3
Pr=10 a2 az
0 O 0
0 0 a3
Ay P,=10 0 a3 azz # 0
0 0 ass
a1 a2 a13
Ps=1 0 Zlan 2a12 apn #0
0 0 %all
aix a2 a13
Py =|ax ax a23 ag # —ai
0 0 g
ai a2 a3
As P, = —% —a11 a3 a2 #0
0 0 ass
0 0 a3
Py=1as 0 ag
0 0 ass
aan + afl + arrai2
= (2a11 + a12)ass;
aa12a22 + ar1(as + as)
di iz s = (a11 + ag1 + az + aay2)ass;
Af P=1laz ax az
0 0 ass azi(air + arz) + aarzags
= (avai2 + ag1)ass;
aa%g + a§1 + az1a22
= (2aag + ag1)ass
0 a2 a3
As Pr=10 ayp ax
0 as2 ass
a1 a2 G413
P2 = 0 %au 0 a1 7é 0
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Algebra | Rota-Baxter Operators of weight 1 Restrictions
a1 agz a13
Ay | P=| 0 gty Znesand an ¢ {~§.§(-3+iv3)}
3
0 0 m
0 0 a13
Pr=|axn -1 a3
0 0 ass
-1 0 ais
As Py=1ax 0 a
0 0 ass
a1 ai2 a13
P3 = —%ﬁ;a“) -1 — aj; ag3 a2 7£ 0
0 0 ass
ail Q12 ai3
Py=|axn ax as3 ap +az # —1
aan + afl + ajiaiz
= (1+ 2a11 + a12)ass;
aaigags + aii(az + azz)
A9 p_ Z; ZZ Z;z = (14 a1 + az1 + aze + aaiz)ass;
0 0 ass azi(ai1 + ai2) + aai2ag:
= (aa12 + az1)ass;
aa%z + a%l + ag1a92
= (a(l —+ 2&22) —+ a21)033
a1 a12 a13
45 | P=|o0 4 14 2a1; #0

1+2a11
0 azz  ass
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2.2 Reynolds operator

Theorem 4. All Reynolds operators on the 3-dimensional associative algebra A,
are listed below:

0 0 ais
P1 =0 0 a3
0 0 ass
a1 O a3
Po=1 0 a2 a3 where aq1 + a2z — a11a22 # 0
0 O aijiazz

ai1taz22—ai1a22

0 a2 a3

P3 = 0 a22 Q23 where a120a9292 # 0
0 O 0
a1 0 a3
Py= a1 0 ao3 where as; # 0
0 0 O
a%l a12 a13
P5 = % ail ass where (1 — (111)(1,12 # 0
0 0 qu-
11

Proof. Consider
P(e3)P(e3) = (azie1 + azzez + aszes)(asie1 + aszez + azzes) = 2aziaszes.
On the other hand,

P(eg)P(eg) = P(63P(€3) + P(€3)63 — P(eg)P(€3)) = —2@31&32]3(63)

= —2a§1a3261 — 2a31a§262 — 2a31asz2a33es.
Comparing the coefficients of the basic elements we derive
aziazz = 0.
Now we consider the next cases:
Case 1. If ag; = 0, then identity
P(e3)P(ez) = P(esP(e2) + P(es)ea — P(es)P(es))
implies that asiase = 0.
Case 1.1. If ay; = 0, from
P(es)P(e1) = P(esP(e1) + P(es)er — P(es)P(e1))

we obtain a32(a11 — 1) =0.
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Case 1.1.1. If a3y = 0, then from
P(el)P(el) = P(elP(el) + P(el)el — P(el)P(el))
we have alg(an — as3 + a11a33) =0.

1. If a2 = 0, considering P(e3)P(e1) = P(eaP(e1)+P(ez)er —P(e2)P(e1))
we deduce that a11a929 = (a11 + ag9 — allagz)agg.

e If ay1 + ass — aj1ass = 0, then we deduce the operator Pi;
o If ay1 + ass — aj1a99 # 0, then we derive the operator Ps.

2. If a5 # 0, then we get operator Ps.
Case 1.1.2. If a3y # 0, then we have a;; = 1. Moreover, from
P(e1)P(es) = P(e1P(e2) + P(e1)es — P(e1)P(e2))
we derive that azs = 0, that is a contradiction.
Case 1.2. If as; # 0, then we have azx = 0 and
P(e1)P(e1) = P(e1P(e1) + P(e1)er — P(e1)P(e1)) = aia(arr — ass + ar1asz3) = 0;
a12a21(1 + azz) + ariaz

= (a11 + ag2 — a11a22)ass;
P(e2)P(e2) = P(e2P(e2) + P(ea)ez — P(ea)P(e2)) = aze — ass + azzazs = 0.

P(el)P(eg) = P(€1P(62) + P(61)62 - P(el)P(eg)) =

Therefore,

e If a1o = 0, we have operator Py;

e If a;5 # 0, we obtain operator Ps.

Case 2. If a3 # 0, then we have agy = 0 and from identities

P(eg)P(el) = P(€3P(€1) + P(eg)el — P(eg)P(el)) = aj2=0
P(eg)P(eg) = P(€3P(€2) =+ P(€3)€2 — P(@g)P(eg)) = Q92 = 1, azy = O

we obtain contradiction with ag; # 0. O

The Reynolds operators on algebras As, A3, A and As listed below.

Algebra | Reynolds Operators Restrictions

0 a2 a3

Pr=10 ax» ax
0 0 0
0 0 a3

Az P,=10 0 ag3 ass 75 0

0 0 ass
a1 a12 a13

Py=| 0 - 2aa ar1 (a1 —2)(2a11 —3) #0
0 0 3:121(1111
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Algebra | Reynolds Operators Restrictions
a1 a2 ai13
aizaszi(ass + 1)
As Pi=lax ax as
= a11a22 + (a11022 — a11 — az2)ass
0 0 asz3
a1 @12 ais
Py=laxn —ai1 azs
0 0 -1
I .
aa/12 all a11a12
2 2 .
= (2a11 + a1z — aj; — 11012 — Qa7,)a33;
aa12a22 + ai1(a21 + az2)
= (@11 + a21 + a2 + aage
a1 a2 Qs — ai1(az1 + az) — aaizas)ass;
Af P=laxn ax as as1 (a1 + ai2) + aai2a22
0 0 ass = (aa12 + a1 — a11021
— Q12021 — Oéa12a22)a33§
2 2
Q59 + G571 + 21029
2
= (20[0,22 + ag1 — (2551
2
— 21022 — aa22)a33
0 a2 a3
As Pr=10 ax a3
0 a3z ass
a11 a12 ai3
p— a
P2 = 0 272111 0 0,11(&11 - 2) 7& 0
0 azz  ass

2.3 Nijenhuis operator

Theorem 5. There are three types
associative algebra A, which are as follows:

Py

P

P

ail aiz ais
0 a2 ass
0 0 a1
air 0 a3
a1 air a3
0 0 a1
aii a13
a1 Q22 423
0 0 a22

of Nijenhuis operators on the 3-dimensional

where as; # 0

where asg 7é ail
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Proof. Since P is a linear operator, we only need to consider the base elements
which are satisfying in the equation

P(z)P(y) = P(xP(y) + P(z)y — P(zy))
and we obtain the equations:

az1 = azz =0,
ai2(ass —ai1) =0,
as1(ass —aze) =0,

a12a21 + (a11 — ass)(az2 — asz) =0

where

P(e3)P(e2) = P(esP(e2) + P(es)es — P(esez)) = az1 =0

P(es3)P(e1) = P(esP(e1) + P(eg)er — P(ese1)) = aza =0

P(e1)P(e1) = P(e1P(e1) + P(er)er — P(erer)) = aia(azs —ay) =0

P(eg)P(es) = P(eaP(e2) + P(ea)ea — P(eaes)) = agi(ass — age) =0

P(e1)P(es) = P(e1P(e2) + P(e1)es — Pleres)) = ajaasr + (a11 — ass)(age — azz) = 0.

We have the following cases:
Case 1. If ag3 = a1, then (6) becomes

asi(assz — aze) =0,

aizaz; =0

e If as; = 0, then we have the operator P;

e If as; # 0, then we obtain the operator Ps.
Case 2. If a3z # a11, we obtain Pj. O

Now we present the list of Nijenhuis operators on algebras As, A3, A} and As.

Algebra | Nijenhuis Operators Restrictions
a1 aiz2 a3
A P=10 a1 ag
O 0 a1
ail a2 a3
As Pr=|0 a2 as
0 O ail
ailp aiz2 ai3
Po=| 0 ax as age # ai
0 0 a922
ail a2 Q13
Ps = —(a“_a?’z)l(jzz_a%) agzy  a23 a2 #0
0 0 ass
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Algebra | Nijenhuis Operators Restrictions
ail  aiz2 a3
Al Pi=1 0 a2 axs
0 O ail
a1 a3z3 — a11 413
Py = | azz —ax a2 a23
0 0 ass
ail  ai2 a1y _ (agz—a11)(1+v1-4a)
« _ a2 = 2a
$a#0 | P=an ax as (s —as) (15 vT=T0)
0 0 ass a21 = 2
ai1r a2 a13
As Pr=10 a2 as3 aszaze = —(a11 — ag)?
0 a3z 2a11 —a
aix @iz ais
Pob=10 a1 O azz # ai
0 az as3

2.4 Average operator

Theorem 6. The average operators on the 3-dimensional associative algebra A;
are the following:

0 0 ai13
P1 = 0 0 ass
0 0 ass
0 a2 a3
P,=10 ax a3
0 O 0
a1 0 a3
P3 = a922 0 a3
0 0 O
air 0 a3
Pr=| 0 a1 aos
0 0 an
a%l a2 a3
P = % aj;  ass where a1 # 0.
0 0 2&11
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Proof. Since P is a linear operator, we only need to consider the base elements
which are satisfying in the equation

P(x)P(y) = P(zP(y))
and also we have the equations:

az1 = azz =0,

aiz(as3 —2a11) =0,
as1(ags — 2a22) = 0, (7)

a12G21 + agz (a1 —azz) =0,
ai2a1 + aii(aze —asz) =0

The solutions of the system of equations (7) give us all average operators on A;
algebras. O

Finally, we give the list of average operators on algebras Ay, A3, A} and As.

Algebra | average Operators Restrictions
0 a2 a3
Pr=10 ax a3
0 O 0
0 0 a3
Ay Po=10 0 ag asz # 0
0 O ass
a11  aiz2 a13
Py 0 a1 a2 a1 #0
0 0 a1
0 0 ai13
P1 0 0 as3 ass 7é 0
0 0 ass
air 0 a3
A3 Py 0 ann a3 ajp #0
0 0 a1
a1l aiz2 a13
P a1 G2  G23 a12021 = Q11022
0 0 0
a1l aiz2 a13
Ag Pl 0 22 Q423
0 0 ail
a11 —ai1r ais
P —a22 a2 G923
—a32 G32  a33
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Algebra | average Operators Restrictions
0 0 a3
P1 = 0 0 a23 ass 75 0
0 0 ass
0 0 ai13
5aF0 | Po= | —ax ax» a3 aze # 0
0 0 as9
—7@2(&@) @12 A13
Py = *7‘122(&@) a2z Q23
0 0 0
ail ai2 ais3
P |sem e ) oz,
110 ! 110 a? +aijaiataal, aiy t+aiaiz + aajy 7'é 0
aiitaiz
a1 0 a3
Ps=1| 0 a1 ags a1 #0
0 0 a1
0 a2 ais
As Pr=10 ax ass
0 aszxx ass
a11  aiz2 a13
Po=10 an O a1 #0
0 a3z ass
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