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Certain partitions on a set and their applications to
different classes of graded algebras

Antonio J. Calderén Martin, Boubacar Dieme

Abstract. Let (2, ¢,) and (B, €,) be two pointed sets. Given a family of
three maps F = {f1: A — A; fo: A XA — A; f3: A x A — B}, this
family provides an adequate decomposition of 2 \ {e,} as the orthogonal
disjoint union of well-described F-invariant subsets. This decomposition
is applied to the structure theory of graded involutive algebras, graded
quadratic algebras and graded weak H *-algebras.

1 Introduction and previous definitions
Let (2, e,) and (B, e,) be two pointed sets (that is, €, and e, are distinguish
elements of 2 and B respectively), and consider a family of three maps

F={fi: A=A fo: Ax A — A f3: Ax A — B}.

In Section 2 we will introduce connections techniques on the pair (2, F) to get
a decomposition of A\ {e,} as the disjoint union of well-described subsets

A\ {eu} = Uier; .
This decomposition will be F-invariant in the sense that

fl(gll) C Qli U {Gu} and fg(Ql“Ql) U fg(le,gli) C Ql, U {Eu}
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for any ¢ € I, and orthogonal in the sense that
fs (i, 2;5) = {ev}

for any i,j € I with i # j.
We recall that an algebra A is a linear space, over a base field K, endowed with
a bilinear map (the product)

Ax A= A
(v, y) — 2y .

An ideal I of A is a linear subspace satisfying AI + 1A C I.
An involution on an algebra A is a linear map

x: A= A

x>t
such that (z*)* = z and (zy)* = y*z* for any z,y € A.

Definition 1. An algebra A endowed with an involution *: A — A is called an
involutive algebra. An ideal of an involutive algebra A is a linear subspace [
satisfying Al + ITAC I and I* C I.

Remark 1. We note that given an algebra A over a base field (K, —), where A > X is
an involution on K, endowed with a mapping x: A — A satisfying (z+y)* = 2*+y*,
(Az)* = \z*, (z*)* = z and (zy)* = y*2*, for any z,y € A and A € K, is called
an algebra with an involution of second type. We note that the results in the
present paper also hold for an algebra with an involution of second type (following
the same arguments).

In Lie algebras theory we find several concepts dealing with a Lie algebra en-
dowed with a bilinear form. For instance, a quadratic Lie algebra is a Lie algebra
(L,[-,-]) with a non-degenerate skew-symmetric bilinear form w: L x L — K satis-
fying the equality

w([x, y}v Z) + w(ya [:C’ Z]) =0
for any x,y,z € L (see for instance [2], [3]).

A weak Lie H*-algebra is a Lie algebra (L, [, ]) endowed with a non-degenerate
symmetric bilinear form w: L x L — K and an involution *: L — L in such a way
that the following identity holds

w([xvy]v Z) = W(xv [Zay*])

for any x,y,z € L (see for instance [1], [4], [5]).
The above concepts can be extended to arbitrary algebras in a natural way.

Definition 2. A quadratic algebra is an algebra A endowed with a non-degenerate
skew-symmetric bilinear form w: A x A — K such that

w(zy, 2) = —w(y, v2z) = —w(z, 2y)

for any z,y,z € A.
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Definition 3. A weak H™*-algebra is an algebra A endowed with a non-degenerate
symmetric bilinear form w: A x A — K and an involution *: A — A in such a way
that the identity

w(zy,z) = w(z, 2y") = w(y, z"2)
holds for any x,y,z € A. An ideal of a weak H*-algebra A is a linear subspace [
satisfying Al + A C I and I* C I.

Two ideals I and J of a quadratic algebra or a weak H*-algebra are said to be
orthogonal if w(I,J) = 0.

Finally, we recall that an algebra A is said to be graded by means of a nonempty
set 2 if it decomposes as the direct sum of linear subspaces

A=Pa

€A
in such a way that for any ¢, j € 2 there exists k € 2 such that
AiAj C Ayg.

As references of graded algebras we can mention ([6], [7], [8]).

In case A is furthermore a quadratic algebra we will say that A is a graded
quadratic algebra.

In case a graded algebra A = @ A; is also an involutive algebra or a weak

=l

H*-algebra we will say that A is a graded involutive algebra (resp. graded weak
H*-algebra) if for any i € 2 there exists j € 2 such that (4;)* C A;.

In Sections 3, 4 and 5 we will apply the main result in Section 2 to the grading
set 2( of a graded involutive algebra, a graded quadratic algebra and a graded weak

H*-algebra A = @ A; respectively, so as to provide a decomposition of A as the
ieA
orthogonal direct sum of graded ideals.

2 Connections in (2, F) techniques
Let (A, €,) and (B, ¢;) be two pointed sets. Let us consider a family of three maps

F={fi: A=A for AxA— A f3: Ax A — B}

We will denote by P(2) the power set of .
For each i € 2, a new variable i ¢ 2 is introduced and we denote by
A:={i:iecA}

the set of all these new symbols. Given any i € 2 we denote (i) := 1.
Now we introduce the next two operations:

so1 A x (AUA) = P(A)

given by

*2(i,4) := {f2(i, ), f205,0)} \ {eu}
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x2(i,§) == {k € A\ {eu} : fo(k,j) = i} U{k € A\ {eu} : o4, k) =i}

for any i,j € I. B
k30 A x (AULA) — P(A)

given by
*3(2' j) - {ivj}v iff3(7;7j)7é6b or f3(j7i)7é6b§
e, if f3(i,7) = f3(4,7) = e
{k e A\ {en}: f3(i, k) # e}
*3(1,7) = Uk € A\ {eu} : f3(k,i) # e}, ifi=j;

for any i,j € I. L

We fix now an external element v ¢ 2 such that 7 ¢ 2 and denote (7) := v.
Then, we consider the mapping

o: P(A) x (AUAU{v}u{r}) — P,

defined as
o, AUA U {rvIu{p}) =0,
o(J k) = | (x2(j, k) U 3 (4, k)
jed
o(Jyv) := f1(J)
and

o( ;7)== f H(J)
for any () # J € P(2) and k € AU A.

Lemma 1. The following assertions hold:

(i) Leti,j € 2 and k € AUA. Then we have that
i € *9(j, k) if and only if j € xo(i, k).
(ii) Let i,7 € A and k € AUA. Then we have that
i € *3(j, k) if and only if j € x3(i, k).
(iii) Let J € P(2) and k € AUA. Then
j € o(J, k) if and only if o({j},k) N J # (.

Proof. (i) Let 4,7 € I and k € AU such that

(S *Q(Jak)
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We have two cases to consider. In the first one & € 2. Then

1 E {fz(,% k‘),fg(k,])}

Hence j € #3(i, k). In the second case k € 2. Then j € {f2(i, k), f2(k,i)} and we

get j € *o(i, k). We have already proved both directions, just replace i and j.
(ii) Take i, € I and k € AU A such that

RS *3(j, k)

We will also distinguish two cases. First k& € 2. Then necessarily f5(j,k) # €, or
f3(k,j) # e, being i € {j, k}. Form here, either i = j and so j € *3(i,1) = *3(i, k)
when k =i and j € *3(i, k) when k # 4; or i = k, being then j € x3(i,7) = *3(i, k).
Second, k € 2. In this case we will consider two possibilities. In the first one k = j.
Then f3(4,7) # €, or f3(j,i) # €, what implies j € *3(4, j) = *3(4, k). In the second
one k # j. Then the fact i € *3(j, k) means i € *3(j, k) = {j, k}. Now observe that
j € x3(j, k) = x3(i, k) when i = j and j € *3(k, k) = *3(i, k) when i = k. We have
proved that the fact i € *3(j, k) implies j € #3(i, k) in any case. The converse is
just replace 7 and j.

(iii) We have j € o(J, k) if and only if there exists t € J and p € {2,3} such
that

J € *p(t, k).

Items (i) and (ii) give us that this fact is equivalent to t € x,(j, k) and so equivalent
toteo({j}, k)NJ. O

Definition 4. Let ¢ and j be a couple of elements in 2 \ {¢,}. We say that i is
connected to j if either i = j or there exists a sequence

a1, az, ... an € (A\ {e, ) U A\ {e,}) U {v} U {7},
such that the following conditions hold:
o({i},a1) # 0.
o(o({i}, ar), az) # 0.
o(o(o({i}, a1), a2),as) # 0

j (S O(- «+ 0 (O(O({Z}, 0,1), CLQ), ag) e ,an).

In this case we say that (a1, as,...,a,) is a connection from i to j.

Proposition 1. The relation ~ in 2\ {e,}, defined by i ~ j if and only if i is
connected to j, is an equivalence relation.
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Proof. By Definition 4 the relation ~ is reflexive.

To show the transitivity, consider 4, j, k € I such that ¢ ~ j and j ~ k. If either
i =jorj=kitis clear that ¢ ~ k. Suppose that i # j and j # k. Then, we
can find connections (iy,14s,...,4,) and (j1,j2,...,Jm) from ¢ to j and from j to k
respectively. We can easily verify that

(7'137'27~"7Zn7.]1a]2a"'a]m)

is a connection from i to k.
Finally, to verify the symmetric character of ~, consider a connection

(41,42, -« in—1,1n) (1)
from i to j; i,5 € A\ {e,}, and let us show that
(gn;gnfla"'ag%gl)

is then a connection from j to i. We will prove it by induction on n:

If n = 1, we have three possibilities for the connection (1). Either it is (i1) = (v)
or (i1) = (7) or (i1) with i3 € (A\ {e, HUA\ {eu}). In the first case j € o({i},v),
so fi(i) = j and then i = f;*(j) = o({j},7). Hence, (#) = (1) is a connection
from j to i. In the second case we argue similarly. Finally, in the third case we have
that j € o({i},41), then j € x,(i,41) for some p € {2,3} and by Lemma 1.(i)—(ii)
we get i € *,(j,41). From here, (i1) is a connection from j to i.

Suppose now that the assertion holds for the value r in Equation (1) and let us
show that this assertion also holds for » + 1. So consider a connection

(41,89, s gy tpy)
from i to j and let us show that
(Z"!‘-‘rla Z.?“a ey Z.272.1)

is a connection from j to i:
Since

g €o(---o(o(o({i},in), iz) ig) -+ s iry1),
if we denote
Ji=o(---o(o(o({i},i1),i2),i5) -+ s ir), (2)
then j € o(J,4,41) and so Lemma 1.(iii) gives us

o({it ir1) N T #0

which allows us to take an element

k€ o({j}isn) N

Therefore, the sequence ~
(ir+1) 3)
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is a connection from j to k.
Now, by induction hypothesis (take into account the fact that k € J and Equa-
tion (2)), we can take a connection

Gyt siny i)

from k to i. From here, taking into account Equation (3), we can conclude that
Gty o)

is a connection from j to ¢, which proves that ~ is symmetric and consequently an

equivalence relation. O

By the above Proposition we can introduce the quotient set

R\ A{eu})/ ~={li] - i € A\ {eu}},

where [i] is the set of elements in 2\ {e,} which are connected to i, and write so

Miat= Ul (a)

lile(@\{eu})/~
Lemma 2. Let [i],[j] € (A \ {en})/ ~ be. Then the following assertions hold.
() fi(li) € [V {eu}.
(i) fo(ld, [i]) < [ U {en}-

(ii) T fo((i], ) # {eu} then [i] = [7].
(iv) 1 F30, 1) # {eu} ehen i) = [l

Proof. (i) Let €, # j € f1([¢]). Then there exists k € [i] such that fi(k) = j. From

here o({k},v) = {j}. So (v) is a connection from k to j and we get j € [k] = [i].

(ii) Suppose fa(i1,i2) = k # €, for some 41,2 € [i]. Then k € %3(i1,42) and so
the sequence (i2) is a connection from iy to k. Hence k € [i1] = [i].

(iii) Suppose fa(i1,j1) = k # €, for some i; € [i] and j; € [j]. Then k €
%o(i1,71) and j; € *o(k,41). From here the sequence (j1,71) is a connection from
i1 to j1 and we get [i] = [i1] = [ji] = [j].

(iv) Suppose f3(i1,71) = b # €, for some i; € [i] and j; € [j]. Then *3(i1,j1) =
{i1,41}, so j1 € o({i1},j1} and then the sequence (j1) is a connection from ¢; to
J1. Hence [i] = [i1] = [j1] = [j]. U
Theorem 1. Let (2, ¢,), (9B, €,) be two pointed sets and F a family of three maps

F={f1: A=A fo: Ax A=A f3: Ax A — B}.

Then )
Miat= U 0
lle(@\{ew})/~
is the orthogonal disjoint union of the F-invariant family of subsets
{l] : [i] € (A\{eu})/ ~}-

Proof. Consequence of Equation (4) and Lemma 2. O
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3 Application to graded involutive algebras

Let (A, *) be an involutive algebra, over a base field K, which is also graded by
means of a nonempty set 2 as

A=PaA. (5)
€A
That is, for any 4,j € A there exists k& € 2 such that A;A; C Ay, and for any
i € A there is j € A with (4;)* C A;.
Let us fix an external element 7 to 2 (that is 7 ¢ ). We can define on the set
2 U 7 the following maps:

fi: (AUuT) = (~AUT)
as f1(i) = j where (A;)* C A, for any ¢ € ; and fi(1) = 7.
for RUT)x (AUT) = (AUT)
as
T, if A;A; =0.
for any 7,75 € ; and fo(7,AUT) = fo(A,7) = 7.
fa: (AUurn)x AUT) =K

o [k 0% AA C A
f2(27.7):{ ;é ! g

as f3(RAUT,AUT)=0.

Consider now the pointed sets (AU, 7) and (K, 0); and the family of the above
maps F = {f1, f2, f3}. By applying Theorem 1 and taking into account Lemma 1
we have that

a= J 1 (6)

ldJe(@/~)
in such a way that
A c lu{r}, fa([],20) U (@ []) C [[Ju{r} (7)
and
fs([d), 7)) =0
when [i] # [j].

For any [i] € 4/ ~, denote by I}; to the graded linear subspace of A given by
I[l] = @ Ak .
keli]
From Equations (5) and (6) we have that A decomposes as
A= D -
lile(@/~)

Equation (7) shows that (I;;))* C Ij; and that I;;; A+Al) C I} for any [i] € (A/ ~).
That is, each I};) is a graded ideal of A. Hence we have proved the next result.
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Theorem 2. Let (A = @ A;,*) be a graded involutive algebra. Then A decom-
poses as the next directlilgllm of (involutive) graded ideals
A= Iy .
lile(@/~)
4 Application to graded quadratic algebras

Let (A,w) be an orthogonal algebra, over a base field K, which is also graded by
means of a nonempty set 2 as
A=EPa;. (®)

et
Let us fix an external element 7 to 2 (that is 7 ¢ 2). We can define on AU 7

the following maps:
fir AUT) = RAUT)

as fi(k) =k for any k € AU 7.
for (RUT)x (AUT) = (AUT)
as

Lo k’, ifO;éAiAjCAk;
f2(27])_ {7—, lfAzA]:O

for any 7,5 € ; and fo(r,AUT) = fo(™U,7) = 7.

fa: (AUur)x AUT) =K

as
Lo 1, if w Aj,’A‘ 0,
f3(2a]) = . ( j)f
0, lfUJ(AZ',Aj) =0.

for any i,j € 2; and f3(7,AUT) = f3(A,7) =0.
Consider now the pointed sets (AU 7,7) and (K, 0); and the family of maps
F ={f1, f2, f3}. By applying Theorem 1 in this setup we have that

a= |J 1 (9)

llle(@/~)
in such a way that
i) C LU, fo([i], ) U 2R [2]) C U (10)
and
fs(li], [4]) =0 (11)
when [i] # [j].

For any [i] € 2/ ~ denote by I|; to the graded linear space

Iy = € Ar.
keli]
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From Equations (8) and (9) we have that A decomposes as

A= P Iy

llJe(@/~)

Equation (10) shows that any Ij; is a graded ideal of A and finally Equation (11)
gives us that w(I), I;) = 0 when [i] # [j]. Hence we have proved the next result.

Theorem 3. Let (A= @ A;,w) be a graded orthogonal algebra. Then A decom-
€A
poses as the next orthogonal direct sum of graded ideals

A= P Iy

lJe(@/~)

5 Application to graded weak H *-algebras

Let (A, #*,w) be a weak H*-algebra, over a base field K, which is also graded by
means of a nonempty set 2 as

A=PaA. (12)

€A
Let us fix an external element 7 to 2 (that is 7 ¢ 2). We can define on AU 7
the following maps:

fir AUT) = (AUT)
as fi(i) = j where (A;)* C A, for any ¢ € ; and fi(7) = 7.
for (RUT)x (AUT) = (AUT)

as

[k i0£ 44, € A
f2(l7])_ {7—, lfAzA]:()

for any i,j5 € A; and fo(r,AUT) = fo(A,7) = 7.
fa:AUT)x (RAUT) =K

as
1, ifw(Ai,Aj) ;éO,

fs(i,4) = {0, if w(A;, A;) = 0.

for any i,j € 2; and f3(r,AUT) = f3(A,7) =0.
Consider now the pointed sets (AU 7,7) and (K,0); and the family of maps
F ={f1, f2, fs}. By applying Theorem 1 in this setup we have that

a=|J 1 (13)
[ile(A/~)
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in such a way that

() < il u{ry, fa([i, ) U o [i]) C [[Ju{r} (14)

and
fs(lil, [7]) =0 (15)

when [i] £ [j].
For any [i] € 2/ ~ denote by If;; to the graded linear space

keli]

From Equations (12) and (13) we have that A decomposes as

A= P Iy

lJe(@/~)

Equation (14) shows that any If; is an (involutive) graded ideal of A and finally
Equation (15) gives us that w(If;), ;1) = 0 when [i] # [j]. Hence we have proved
the next result.

Theorem 4. Let (A= @ A;,*,w) be a graded weak H*-algebra. Then A decom-
ieA
poses as the next orthogonal direct sum of (involutive) graded ideals

llJe(@/~)
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