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An integral transform and its application in the
propagation of Lorentz-Gaussian beams

A. Belathal, E.M. El Halba, T. Usman

Abstract. The aim of the present note is to derive an integral transform
Rl 24
I= / a* e PTG L, (2¢2°) Ju(xa)de,
0

involving the product of the Whittaker function My , and the Bessel func-
tion of the first kind J, of order u. As a by-product, we also derive certain
new integral transforms as particular cases for some special values of the
parameters k and v of the Whittaker function. Eventually, we show the ap-
plication of the integral in the propagation of hollow higher-order circular
Lorentz-cosh-Gaussian beams through an ABCD optical system (see, for
details [13], [3]).

1 Introduction

Integral transforms involving Whittaker and Bessel functions have given consid-
erable attention in the litterature. In the last decade, many papers studied a
considerable number of cases of integral transforms involving the product of Bessel
and special functions [6], [2], [5]. The used weight in the integrand is e?* or e=h=",
In view of this, it is worth investigating a general integral transform involving
Whittaker and Bessel functions with a weight e~ BT +v2 This integral is important
to evaluate the propagation of some laser beams in the space. A closed form of the
considered integral will be derived. To the best of our knowledge, the results of the
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present contribution have not been previously published. The folowing definitions
are essential for the present investigation:
The classical Gauss’s hypergeometric function is defined by

oF (a,b;¢; x) = Z (a)("(b)n i7 (1)

n=0

where, (a), (a € C) is the well known Pochhammer symbol (see [1], [8]). The
Kummer confluent hypergeometric function 1 Fy (see [1], [8]) is defined by the series
representation

(a) "
Fi(a;b; — 2
1F1(a; b; @) 1; b L’ (2)
Let us consider the following second-order linear homogenous differential equation
given by

whose solution is
=t it ()0 (5] o= v

where, J,(x) and Y, (x) are the Bessel functions of first and second kind, respec-
tively. Indeed we have the following series representation for the Bessel function of
the first kind of order p (see [4], [10]):

1 k ),u+2k

Z) AN +k:+1)'

2
() = \/ﬂ_—x sinz,
2
J-1(x) =4/ — cosz.
2 T

The Whittaker function My, (z) and Wy, ., (z) (see, [11], [12]), in terms of Kummer
confluent hypergeometric function defined by (2) are given, respectively by

Ve eC\ (—0,0). (3)

It is well known that

N

Nl

and

Mao() = 2 e 51 Fy (;4—1/—/{, 2 4 1; x) (4)
and
Wio(z) =atT2e 5 U ( —k, 2v+1,; x) . (5)
The generalized Laguerre polynomials L (x) can be defined as
L (z) = d+a) 1Fi(—n; 1+ a5 2). (6)

n!
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From (6), it follows that

1 a)pz”
( Zk,n_ +a) e ()

k

2 Main results

In this section, we compute certain integral transforms involving the product of
Bessel function and Whittaker function given in (3) and (4), respectively. These
integral formulas are expressed in terms of Kummer confluent hypergeometric func-
tion as given in Theorem 1.

Theorem 1. Let R(p) > -1, R(s +v + §) > —1, and R(B + () > 0. Consider
the integral I

(o)
I :/ e ey (2¢2?) J,(xz)da = (20)V /25205205
0

Xf(u 1/2 — k), (2¢62) Zcq *f T c)Cns, (8

o r!(2v —|—1 il
where
L (g 1)
i P s (=)
COma = +(=D7m (%) ) Z P2 tatm+ )(m+p+1)

x1Fy (1; 1+p+ LZLH,EQ\[)

g2 —B+C5——and19—21/+2r+s+2 (9)

Proof. To derive (8), we make use of (2) and (4), and consequently, the expression
of the integral I becomes

I = (20)+ 2T Z v 12{/2-"-_1))7”§2<)TIT, (10)

where I, = I' + I, with
I = /0 (b4 0)2H2rts 2= (B0 (vt 4 xd)dt, (11)

and
0

I;_/ :/ (t + 5)2y+27‘+5+26—(5+<)t2JH(Xt + X(S)dt (12)
)
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Making use of the following identities (see [4])

(t+0)" ZCW PP (13)
with C? = ,"7!1)), is the binomial coeflicient,
and
+o00
Ju(xt + x6) = Z S (X8) T (1), (14)

and using the integral formulas (see [4])

. X )mF(m+q+1) 2
_ +q+1 X
e~ tdt=(2ﬁ’ L T (U m4 LX) (15
/0 e (X) 2(\/77)q+1m! 141 2 7m+ 3 477 ) ( )

and

u
1
/ ty_le_utdt = 77(V7 UN): (16)
0 K

where 7y is the incomplet Gamma function given as
Yo, z) =o'z Fy (1 + a5 —x),

with R(q¢ +m) > —1 and R(n) > 0, and Egs. (11) and (12) can be rearranged as

[
= chaﬂ—qx

Jym(XO)X™T (P (m”“ . )
x R m+l-—2X ), a7
m;m omtipl(§ 4 €)= 2 m 4+ B) (17)

and
B 9 4 oa +o00 aim (X mogimil _ 2 /3
=2 007 3 D) (3)"gm e tvix
<#) g+m+1
XZ 2p+q+m+1)F(m+p+1)1Fl(1;1+p+2§5 \/5>7 (18)

with ¥ = 2v+ 2r 4+ s+ 2, and the required result easily follows. This completes the
proof. O
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Remark

For simulations, Eq. (14) can be replaced by

Ju(xt +x9) = ZJ/_LmX(S m(xt)

m=0

+ Z ;L+m(X5)Jm(Xt) + Jm(X(s)Ju-&-m(Xt)] ,

m=1

3 Special cases

In this section, we derive certain new formulas by recalling relations of the Whit-
taker function with some other special functions as the exponential, the Modified
Bessel, the sine hyperbolic, the generalized Laguerre polynomial, the Hermite poly-
nomial, the Whittaker and erf functions. By taking some particular values of the
index k and v of this last function, we establish the following corollaries.

Corollary 1. For R(p) > —1, R(s+v+5) > -1, R(F+() > 0, the undermentioned
integral transform holds true:

oo
/ xs+167(ﬁ75)m2+7zJ#<Xl_>dm _ 5s+172ke41f22 %
0

400 2C52 91 C«q 400

Z Sl Y wn)Cg (19)
q=0

=0 m=-—00

where
Y =2r+s—2k-+1.

For v = —(k + 3), the Whittaker function in (4) can be expressed in terms of
exponential function (see [7], [9]) as

My __1(2) = esz 7k, (20)
Now in view of the (20) and (8), it is easy to establish the result in (19).

Corollary 2. With the conditions of (8), the undermentioned integral transform
holds true:

o v+1/2
s+2 —ﬁz +~x _ (QC) +
/0 I (C.T ) lt(xx)dx 22u+3/2€\/>1/!

oo V2 q 400
v+1/2), (2 52 Cy
x Z ((21/ +/1 C Z Z Jlt—m(X5>Cnan (21)

r=0 m=-—00

42
2u+s+26H x

where
Yo =20+ 2r + s+ 2. (22)
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With the help of (8) and by expressing the Whittaker function in terms of the
modified Bessel function of the first kind I,, (see [9], [10]), with k = 0, as follows

My, (22) = 2230121, (2), (23)
the required result (21) directly follows.

Corollary 3. For R(u) > —1, R(s+ £5) > —1, R(B+¢) > 0, the undermentioned
integral transform holds true:

/ 2¥ e Ar 77 ginh (¢2?) J,(xa)de = @55+3e;7><
0

+oo (2452 93 Cq +o0

Z Z Z JM—M(X(S)Cmqa (24)

m=—0oo

where
V3 =2r +s+3. (25)

If we take k =0 and v = %, the Whittaker function in (4) can be expressed in
terms of sine hyperbolic function (see [7], [9]) as

My, 1 (2) = 2sinh (g) , (26)
from which the required result (24) easily follows.

Corollary 4. Let R(p) > —1, R(s+£E"%) > —1, R(B+() > 0, the undermentioned
integral transform holds true:
| arrrenrort e gty g, (e = U D g i
0 s!

400 ( 2C52 V4 C«q 400

X Z n+1 Z Z Jufm(X‘s)Cmqv (27)

r=0 m=—00
where
dg=n+2r+s+2. (28)
By setting k = "+ 4+ s and v = % in (4), and using (6) we have the relation

(see [7], [9])

s!
(n+ 1),
Now in view of (29), the assertion (27) easily follows.

Corollary 5. R(y) > —1, R(s + 24=1) > —1, R(B + () > 0, the undermentioned
integral transform holds true:

g5 +3/2=(B+O)2+ye (x) z)dr =
/- 2 (V2 el = g

+oo 2C52 I5 C«q 400

55+3/2642“Z 1/2 ),r! Z D Jumm(x6)Cig (30)

r=0 m=—00

Mogs o 3(2) = 72T IM), (29)
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where
U5 =2r + s+ 3/2. (31

~—

The above corollary can easily be established by setting k = p + % and v = _Tl

in (4). This special case corresponds to the Hermite polynomial Ha, (see [7], [9])
with the odd integer order and the relation betweeen M and Hs), is given by

|
MPJF%v*% (22) = (_1)p(];')!e

(2)- (32)

Corollary 6. R(y) > —1, R(s + 24t1) > —1, R(B + () > 0, the undermentioned
integral transform holds true:

b _ 2% 2p +1)!
/ w20 i H2p+1(\/i$)<]u(x$)dx 7( P )\/>
0

(=1)#p!
+o0 Je q 400
42 (2¢6%)" & Cy
x 545025 3 18/ 4 ’“ C Z e Y e (X0)Cog (33)
r=0 m=—00
where
¥¢ = 2r + s+ 5/2. (34)

This corollary is established by setting k = p + % and v = i in (4), which conse-
quently gives the relation between the Whittaker function and the Hermite poly-
nomial Hy,t1 (see [7], [9]) of an even order as

prat () = (1)p(2p}i 1)! GTQ\/EHQPH(Z)’ (35)

and by direct application of (8).

Corollary 7. Let R(p) > —1, R(s+£3") > —1, R(B+() > 0, the undermentioned
integral transform holds true:

(n+ 1)
(~1)p!(v20) ="

22 X (=5 2(52 A oL PR
6S+n+2€4 T Z n + 1 Z Z J“_m(X(S)Cmqa (36)

r=0 m=—00

/ xs+3e*ﬁ$2+7$W NREST /2(2<$) (X:L’)d
0

where
Yr=n+2r+s+2, (37)

The assertion in (36) directly follows from the relation between the Whittaker
function and the generalized Laguerre polynomial (see [7], [9]) given as

n

—1)s ,
L0 (2) = %egz W, 15n0(2), (38)
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Corollary 8. Let R(u) > —1, R(s+24) > —1, R(B+() > 0, the undermentioned
integral transform holds true:

o0 42 22
/ $S+3/26_(B_C)I2+’w67'f(\/ 2¢z)J(xx)dr = \\/[T(SS%/QeF %
0

400 ( (2C52 g Cq 400

XZ 3/2 l Z Z Ju—m(X(S)qua (39)

r=0 m=-—00

where

Ug =2r +s+5/2, (40)

and v = 1, the Whittaker function

Using the fact that by taking k = = 1

1
4
becomes the error function erf (see [7], [9]) as

Moy, (z%) = %eé\/a erf(z), (41)

and in view of (8), it is straightforward to establish (39).

4 Application

In this section we consider the propagation of hollow higher-order circular Lorentz-
cosh-Gaussian beams [13] through an ABCD optical system, expressed as [3]

N P '
p: m—p/2)28
z)=Ey Y agn(®) —_m P/ (42)
2 &
where
I, :efm/ gt le X 6T oo (V2a) Jy (Bx)de. (43)
0

With the help of (30), I,, can be written as

Ll 200V e < (—n), (2062)7 <& CF X
I, =¢ wo /2032 r 6
n e (—1)”77" %0 % é e ; (1/2)7, ol pr 54 Z Jm(X(S)X

B\™ p(mtatl ,
(322' <5qfl )1F1 <m+q+1;m+]_;_45?>+

(_g2\/3 p
4

/4 q+1 2
A () g e y
CU5 Z @+ q+m+ DO(m+p+ 1)

x 17 (1 1+p+q+m+1 f)

m=—0oo

(44)

Substituting (44) in (42), one finds the output field of the considered beams
family and the behaviour of this field in the space.
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5 Conclusion

In the present investigation, we have elaborated an integral involving the product
of the Whittaker and Bessel functions. The results obtained in this document have
a general nature and likely to discover certain applications in the theory of beams
propagation. Some corollaries are derived from the main theorem as particular
cases as they give multifarious representations involving different special functions.
An application of our main result is given to derive and investigate an expression
of Hollow higher-order circular Lorentz-cosh-Gaussian beams propagating through
an ABCD optical system. Finally, the interesting integral derived in the present
investigation may be useful in many fields of physics as plasma, radio and laser
physics.
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