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A non-linear discrete-time dynamical system related
to epidemic SISI model

Sobirjon K. Shoyimardonov

Abstract. We consider SISI epidemic model with discrete-time. The cru-
cial point of this model is that an individual can be infected twice. This
non-linear evolution operator depends on seven parameters and we assume
that the population size under consideration is constant, so death rate is
the same with birth rate per unit time. Reducing to quadratic stochastic
operator (QSO) we study the dynamical system of the SISI model.

1 Introduction

In [3] SIST model is considered in continuous time as a spread of bovine respiratory
syncytial virus (BRSV) amongst cattle. They performed an equilibrium and sta-
bility analysis and considered an applications to Aujesky’s disease (pseudorabies
virus) in pigs. In [5] SISI model was considered as an example and characterised
the conditions for fixed point equation. In the both these works it was assumed
that the population size under consideration is a constant, so the per capita death
rate is equal to per capita birth rate. In epidemiology, a susceptible individual
(sometimes known simply as a susceptible) is a member of a population who is at
risk of becoming infected by a disease. A susceptibility only refers to the fact that
the virus is able to get into the cell, via having the proper receptor(s), and as a
result, despite the fact that a host may be susceptible, the virus may still not be
able to cause any pathologies within the host!. In epidemiology, infectivity is the
ability of a pathogen to establish an infection. In biology, a pathogen in the oldest
and broadest sense, is any organism that can produce disease. A pathogen may

also be referred to as an infectious agent, or simply a germ?.
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Let us consider SISI model [5]:

ds
dI

ds: (1)
W = —/LSl + Oz[ — BQA(I, Il)Sl

% = —ply + B A(I, I1)5:

t

where S— density of susceptibles who did not have the disease before, I— density
of first time infected persons, S;— density of recovereds, I; — density of second time
infected persons, b— birth rate, u— death rate, a— recovery rate, 8, — susceptibility
of persons in S, B3— susceptibility of persons in Sy, k;— infectivity of persons in
I, ko— infectivity of persons in I;. Moreover, A(I,I;) denotes the so-called force
of infection,

]{11] -+ ]CQIl

P
and P = S+ I+ Sy + I; denotes the total population size. Here we do some
replacements:

Al L) =

S I S1 L
— U= — = —= 10 = —
P’ P’y P’ P
In (1) we assume that b = p and by substituting x, u, y, v we have

€r =

dz
dt
du
— = —bu+ f1A(u,v)z — au

dt (2)

=b—bxr— G1A(u,v)z

d

d—gz = —by + au — B2 A(u,v)y
dv

o —bv + B A(u,v)y

where all parameters are non-negative. We notice that % (r+u+y+wv)=0,from
this we deduce that the total population size is constant over time and therefore
we assume * +u +y +v = 1.

2 Quadratic Stochastic Operators
The quadratic stochastic operator (QSO) [2], [4] is a mapping of the standard
simplex
Sm_l:{[E:((El,...,xm)GRmZCL’iZO7ZQL’i:1} (3)
i=1

into itself, of the form

Vﬁx%:ZZPij,kzixjy k=1,...,m, (4)

i=1 j=1
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where the coefficients P;; ; satisfy the following conditions

m
Pijr >0, Pijr = Pjik, Z-Pij,k =1, (i,5,k=1,....,m). (5)
k=1
Thus, each quadratic stochastic operator V' can be uniquely defined by a cubic
matrix P = (Pj; )] =1 With conditions (5).
Note that each element z € S™~! is a probability distribution and each such
distribution can be interpreted as a state of the corresponding biological system.
For a given \(9) € §™~1 the trajectory (orbit) {\(™);n > 0} of A(®) under the
action of QSO (4) is defined by

A — Ay =0,1,2,...

The main problem in mathematical biology consists in the study of the asymp-
totical behaviour of the trajectories. The difficulty of the problem depends on given
matrix P.

Definition 1. A QSO V is called regular if for any initial point A(®) € §™~1 the
limit
lim V*(A(®)

n—oo

exists, where V™ denotes n-fold composition of V' with itself (i.e. n time iterations

of V).
3 Reduction to QSO

In this paper we study the discrete time dynamical system associated to the sys-
tem (2).
Define the evolution operator V : $% — R*,  (z,u,y,v) — (2, 0,y o)
W =z +b—bxr—BA(u,v)x
1) —
' =u—bu+ f1A(u,v)r — au
v 0 Bl ( ) (6)
y =y —by+ou—F2A(u,v)y
v = v — b + BaA(u,v)y

where A(u,v) = kju + kov. Note that if k; = ko = 0 then A(u,v) = 0 and
operator (6) becomes linear operator which is well studied.

By definition the operator V has a form of QSO, but the parameters of this
operator are not related to Pj; ;. Here to make some relations with F;;; we find
conditions on parameters of (6) rewriting it in the form (4) (as in [7], [8]). Using
x4+ u+y+ v =1 we change the form of the operator (6) as following:

W =21 -b)(z+uty+v)+bz+u+y+0)?—pi(ku+ k)

Y =u(l—b—a)(z+u+y+v)+ Bi(kru+ ko)
1=-b(x4+u+y+v)+au(z+u+y+v)— Ba2(kru+ kav)y
(1= (z+u+y+v)+ Ba(kiu+ kv)y
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From this system and QSO (4) for the case m = 4 we obtain the following relations:

Piig=1, 2P121 = 1+b— Biky, 2P131 =1+,
2Pi41 =1+ b— Biko, Pyg =0, 2Pa31 = 20,
2P,1 = 2b, Ps31 =0, 2P341 = 20,

Py =0, 2P30=1—-b—a+ Bk, 2P = Biks,

Pyo=1-b-aqa, 2Py392=1-b—q, 2Py 2 =1-b—q,
2P 3 = «, 2P;33 =10, Py 3 =,
2Py33=1—-b4+a— Bk, 2Py3=a, P333=1-0,
2P35 3 =1—b— Bako, 2Py 4 =1-0, 2Ps3 4 = Boka,
2Py 4 =1-0, 2P344 =1 — b+ Bako, Py4=1-0,

(7)

other P;;; = 0.

Proposition 1. We have V' (53) C 82 if and only if the non-negative parameters
b, a, B1, B2, k1, ko satisfy the following conditions

a+b<1, Biks < 2, Bak1 < 2,
b+ Baks <1, |b— Bik1| <1, |b — Baka| <1, (8)
|b—Bika| <1, Ja+b—piki| <1, |a—b— P2k <1

Moreover, under conditions (8) the operator V is a QSO.

Proof. The proof can be obtained by using equalities (7) and solving inequalities
0 < Py <1 for each Pjj . O

Remark 1. In the sequel of the paper we consider operator (6) with parameters
b,a, B1, B2, k1, ke which satisfy conditions (8). This operator maps S® to itself and
we are interested to study the behaviour of the trajectory of any initial point A € S3
under iterations of the operator V.

4 Fixed points of the operator (6)
Recall that a fixed point of the operator V is a solution of V/(A) = A.
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4.1 Finding fixed points of the operator (6)
Denote

A1 =(1,0,0,0), X2=(0,1,0,0), A3=(0,0,1,0), X;=1(0,0,0,1),
As = {\ = (z,u,y,v) € S® : 2 =u =0},
Ag = {\= (z,u,y,v) € S®: 2=y =0},
Ay ={\ = (z,u,y,v) € S*:x=v =0},
Ag = {\ = (z,u,y,v) € S® :u=1y =0},
Ao = {\ = (z,u,y,v) € S* :u=v =0},
A ={\=(z,u,y,v) € $* 1y =v =0},
Ay = {\ = (2,u,y,v) € S : 2 = 0},
Ao = {\ = (2,u,y,v) € S : u =0},
Ais = (A= (@,u,5,0) € 8% 1y =0},
Ay ={\ = (z,u,y,v) € S*: v =0},

A _( b ,Blkl—b 00) A :<b+()é b(ﬁlkl—b—a) a(ﬂlkl—b—a) 0)
BT\ Bk Bk ) Biki” Biki(b+a) T Biki(b+a) 7))

\ _( b bB1 A abB A a1 B A* )
T \b+ A b+ A b+a) (b+BA)b+ BAb+a) b+ /A b+ BA)(b+a))’

where A is a positive solution of the equation

bB1k1 Oéﬁlﬂzsz
b+ p1A)b+a)  (b+ 1A b+ BA)(b+ )

It is easy to see that

A1 € Ag, Mg, Aig, Aia, Ais, Ag, A2 € Ag, Az, Avo, A, Aas, Mg,

1=

(9)

Az € As, A7, Ag, Ayi, Ao, Ay, Ay € As, Ag, Ag, Ayi, Ao, Ags,
As C A1, Ao, Ag C A1, Ags, A7 C A, Ay,

Ag C Ao, Ags, Ag C A, Ay, Ao C Az, Avg.
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By the following proposition we give all possible fixed points of the operator V.

Proposition 2. Let Fiz(V) be set of fixed points of the operator (6). Then

{M}

ulUAe, ifb=0

Ag Ao, ifb=a=0
AsURg,  ifb=8 =0
AsUNg,  ifb=Fs=0
(M} UAg, ifb =k =0
AsUAw, ifb=ky =0
AoUAws, ifb=a=p =0
AoUAn, ifb=a=p=0
AsUAw, ifb=a=Fk =0

FirV) =\ AsUhis,  ifb—a =k =0
A1, ifb=p01=02=0
AsURNo,  ifb=Bi =k =0
A, b= By =ky =0
AsURg,  ifb=fs =k =0
A, b= By =y =0
S3, ifb=a=k =ky=0orb=a=0,=0=0

{)\1,)\15}7 ifb>07a:0and Blkl >b
{)\1,)\16}, ifb>0,a>0,8,=0, f1k1 > b+«
{A, A7}, ifabBi Bk >0

Proof. Evidently that \; is a fixed point.

1. If b = 0 then the operator (6) has the following representation

M = — By (kyu + kov)z
) =y —au+ B (k1u + kov)x
Yy =y + au — Bo(kyu + kav)y
v = v + Bo(kru + kav)y

(10)

First, we assume that all other parameters are nonzero. From the first equa-
tion of this system we get

M =z — B (kyu+ kv)z = z,
if x =0 or (and) kju + kov = 0. If z = 0 then by second equation

uM = u — au+ Bi(kru+ kav)z = u



Dynamical system related to epidemic SISI model 511

we have u = 0. From this and third equation of the system

yW =y + au— By(kru + kav)y =y,
one has vy = 0, i.e., v = 0 or (and) y = 0. Thus, in this case, fixed points
are (0,0,1,0) = A3 or (and) (0,0,0,1) = A\y. f kyu+ kov =0, ie, u=v=0
then () = 2, M =0, y =y, (1) = 0, so in this case, we get the set
of fixed points (z,0,y,0) = Ag. Since A1, A3 € Ag it follows that the fixed
points of the operator (6) are {A\s}J Ao.

. If =0, a = 0 then the operator (6) has the form

M =gz — B1(kiu + kov)x
u = u + By (kru + kov)x
y W =y — Ba(kru + kav)y

| | (11)
v = v + Bo(kyu + kav)y

Here also we assume that all other parameters are nonzero and by z(') = z
we get = 0 or (and) v = v = 0. If z = 0 then u") = u and from y(») =y
one has y = 0, consequently, we have v(!) = v. Thus, for z = 0 we have
the fixed point of the form Ag = (0,u,0,v). If w = v = 0 then M =g
and y(1) = g, so the set of fixed points is Ag = (2,0,y,0). The other cases
including the condition b = 0 can be handled in the same way.

. If b > 0, a = 0 then the operator (6) is as follows
M =2 +b—bx — By (kyu + kov)x
u® =y — bu+ B1(k1u + kov)x

y W =y — by — Ba(kru+ kav)y
v =9 — by + Ba(kiu + kov)y

(12)

From y") = y one has by + B2(k1u + kav)y = 0 which holds in the case y = 0,
and so the equation v(!) = v — bv = v holds only v = 0. Consequently, the
solutions of the equation

uM = u —bu + Bikiuxr = u

are v = 0 and x = ﬁ Therefore, if 51k; < b then the fixed point is Ay, if

B1k1 > b then the fixed points are A\; and

b b
— 1 — ;0;0) .
Bk Bik1 )

/\152(

LIfb>0,a>0, 82 =0, f1k1 > b+ « then the operator (6) has the following
representation

e = +b—bx — By (kru + kov)x
uM) = u — bu — au + By (k1u + kov)x
yN) =y — by + au

v = v — b
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Using v™") = v — bv = v we have v = 0. In the equation
uV =y — bu — au + Bikiur = u

we assume that u > 0 (otherwise, clearly that \; is unique) and so we have

_ bt e _ bta g
T = 51—,3 Substituting x = Bl—ﬁ into

eV =2 4+b—br — frkjur ==z

it follows up
_b—bx  b(frky —b— )

YT Bk Biki(b+ o)

Consequently, from 4y =y — by + au = y we get

_au _ a(fiki—b—a)
Yy T T Bkt

and the condition £1k; > b+ « should be required which is easy to verify.
Hence, we have an additional fixed point A1 to Aq.

. If abB1P2k, > 0 then the operator can have the fixed point A7 which all

. e . . 1) _ . b
coordinates are positive. First, using () = z we have z = TAA and so by

u = we get

_ prAx b6 A

“Thra b+rAaAbTa)

Consequently, from the equation y!) = y we have

_au abBlA
b+ BrA (b+ BLA)b+ B A)(b+ )]

Y

and by v() = v it follows up

_ BAy o B2 A?

v = =

b (b+ B1A)(b+ B2A)(b+ )

In addition, using A(u,v) = kju + kov one has the quadratical equation (9).
Thus, the proof of Proposition is completed.
O

Note that the set of positive solutions of (9) is non-empty when S1k; > b+ «

(see the statements before Conjecture 2). For example, o = 0.3, b = 0.2, 5; = 0.6,
B2 = 0.4, ky = ko = 1. Then the equation (9) has the form

3042 -54-1=0

and the positive solution is A = 2E¥ 145 ~ 0.284.
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4.2 Type of fixed points

Definition 2 ([1]). A fixed point p for F' : R™ — R™ is called hyperbolic if the
Jacobian matrix J = Jp of the map F' at the point p has no eigenvalues on the
unit circle.

There are three types of hyperbolic fixed points:

1. pis an attracting fixed point if all of the eigenvalues of J(p) are less than one
in absolute value.

2. p is an repelling fixed point if all of the eigenvalues of J(p) are greater than
one in absolute value.

3. p is a saddle point otherwise.
Proposition 3. Let \; be the fixed point of the operator V. Then

nonhyperbolic, ifb=0or f1k1 =b+ «
A1 = { attractive, ifb>0 and f1k1 <b+ «a
saddle, ifb>0 and B1k1 > b+«

Proof. The Jacobian of the operator (6) is as follows:

1 —b—ﬂlA —ﬁlkl.’li 0 —ﬁlkzx
J— B1A 1—b—a+ Bikiz 0 Bikox
- 0 o — ﬁzkly 1—-b-— ﬁgA —ﬁgkgy

0 Bak1y B2 A 1—0b+ Bokay

Then at the fixed point A\; the Jacobian is

1-5b —Brk1 0 —B1ks

0 1—-b—a+ pfk 0 k

J(/\1)= 0 ;)é Bk - 5102
0 0 0 1-0b

and the eigenvalues of this matrix are u; =1 —5b, uo = 1 — b — a + B1k1 which are
easy to verify. By the conditions (8) one has p; > 0, uz2 > 0. It is easy to see that,
ifb=0or f1k; = b+« then uy =1 or us = 1 respectively. Moreover, by definition
and conditions (8) it can be shown easily that if b > 0, 81k; < b+ « then the fixed
point A is an attracting, otherwise, saddle fixed point. O

Proposition 4. Let \y be the fixed point of the operator V. Then

nonhyperbolic, ifb=0 orb+ i1k =2
Ao = ¢ attractive, ifb>0and b+ P1k1 <2
saddle, otherwise
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Proof. At the fixed point Ay = (0,1,0,0) the Jacobian is as follows:

1—b— Bk 0 0 0

_ Bik1 1-b—«a 0 0

J(A2) = 0 a 1—b—Pfsk; 0
0 0 Boky 1—b

Clearly, that the eigenvalues are g3 = 1—b—B1k1, o =1—b—a, u3 =1—b—Pak;
and pg =1 —b. In conditions (8) there involved the inequalities |a — b — B2k1| <1
and b+ o < 1. It is easy to verify that if b > 0 then |ua| < 1,|us| < 1 and from
b+ a < 1 implies b + fok1 < 2, i.e., |us| < 1. Moreover, if b+ S1k1 < 2 then
|11] < 1, and so Ay is an attractive fixed point. If b = 0 (resp. b+ S1k; = 2) then
pg =1 (resp. p1 = 1) and so Ay is nonhyperbolic, if b > 0 and b + S1k1 > 2 then
lpea] > 1, Jpe] <1, |ps| < 1, |ua] < 1, so A2 is a saddle fixed point. O

Proposition 5. Let A3 be the fixed point of the operator V. Then

nonhyperbolic, ifb=0 or b= B2ks
A3 = { attractive, if b > 0 and Paks < b
saddle, if b > 0 and Boks > b

Proof. At the fixed point A3 = (0,0, 1,0) the Jacobian is as follows

1-0b 0 0 0
0 1-b—« 0 0
J()\S) - 0 o — 52/{1 1-b —ﬁgkg
0 Bak 0  1—0b+ Bk
The eigenvalues are iy =1 —b, o =1 —b — «, ug = 1 — b + Pako. Here also by
the conditions (8) the proof is dealt similarly. O

Proposition 6. Let Ay be the fixed point of the operator V. Then

nonhyperbolic, ifb=0 or b+ f1ky =2
A4 = [ attractive, ifb> 0 and b+ P1ka < 2
saddle, otherwise

Proof. At the fixed point Ay = (0,0,0, 1) the Jacobian is

1—b— Biks 0 0 0

_ Bika 1-b—« 0 0

J(A) = 0 a 1—b—Bsks 0
0 0 Boko 1—b

It is clear that, the eigenvalues are 1 = 1—b— 1k, s = 1—b—a, 3 = 1—b— ks
and pg = 1 —b. Based on conditions (8) and by the form of eigenvalues it is east
to verify the proof of Proposition. O

Remark 2. We have studied the types of fixed points A1, A2, A3, Ay and the types
of other fixed points can be investigated with too many calculations.



Dynamical system related to epidemic SISI model 515

5 The limit points of trajectories

In this section we study the limit behavior of trajectories of initial point \(*) € 3
under operator (6), i.e the sequence V*(A\(®)), n > 1. Note that since V is a
continuous operator, its trajectories have as a limit some fixed points obtained in
Proposition 2.

5.1 Case no susceptibility of persons (3; = B2 = 0).
We study here the case where in the model there is no susceptibility of persons.

Proposition 7. For an initial point \° = (2°,u% 3% v°) € 53 (except fixed points)

the trajectory (under action of operator (6)) has the following limit

0 ifa=b=0
lim VA% = (20,0,1 — 20 —0°,0%) ifb=0,a >0
A1 ifb>0

Proof. If 8y = 83 = 0 then the operator (6) has the following form:

M =z +b—bx
u =u(l —b—a)
y ) =y —by +au
v = (1 - D)

(14)

Evidently, that b = o = 0 then every point is fixed point.
Assume that b = 0,a > 0 then by (14) we get (") = 2% v(® = % and
u™ =4%(1 —a)® = 0 as n — oco. Moreover, y") = y + au > y, so the limit

lim y™ =g=1-2"—2°
n—oo

exists. Consequently, it follows

lim VW =X = (2°,0,1 — 20 — 20, oY),
n—oo

Suppose b > 0 then the sequences u(™), v(") have zero limits. From the first
equation of (14) one has

2 = (1=b)"z+b) (1-b)* (15)
k=0
and using 0 < b < 1 we have

lim z"*Y =z lim (1 -0b)" + bZ(l —b)* =1 forany e S3 (16)

n— 00 n— o0
k=0

From the relation (™ + u(™ + ¢ 4 (™ = 1 follows the assertion of Proposition.
O
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5.2 Case no susceptibility of persons in S (3; = 0,82 > 0).

Proposition 8. For an initial point \° = (2°,u%,°,v°) € 53 (except fixed points)

the trajectory (under action of the operator (6)) has the following limit

A0 ifa=b=0ku’+ k=0

(2°,1 —2°,0,0) ifa=b=0ku’+ k2 >0,y°=2"=0

(x%,u%,0,1 —2° —u®) ifa=b=0,ku’+ k' >0,4°+2°>0
thV YA =<\ ifb>0

(2°,0,5,1 — 2% — ) ifb=0,a > 0,ky =0, where § = 5(\")

(2°,0,1 - 20,0) ifb=0,a>0,ky > 0,kiu’ 4+ kov® =0

(2°,0,0,1 — 29) ifFb=0,00>0,ky >0, k1u’ + k2v® >0

Proof. If 51 = 0 then the operator (6) has the following representation:

x(l) =x + b(l — l‘)
y D =y — by + au — Ba(kyu + kav)y
v =0 —bv + Ba(kru + kav)y

(17)

Case: b= a = 0. In this case it is easy to see that every of the sequences z(™, u("™),
y™, v(" has a limit. Denote by 7,7 the limits of y(™ and v(™ respectively.

If
A 0%) = kju® 4+ k20 =0

then from (17) it follows
Au™ o™ = ku™ 4 ko™ = kju® + kyo® = 0.
Therefore, V™M(X9) = \° n =1,2,3,... and for all \° € S°.
If k1u® + kov® > 0 then we consider all possible subcases:
o If 40 = % = 0 then y™ = v =0, s0 lim,, 00 V™ = (2°,1 —2°,0,0).

e Let be y°+0° > 0. Since kiu(™ + kyv(™ > 0 it follows that the sequence
v is a non decreasing. Using this one has

k1u™ + kv = kyu® 4 koo > kyu® + koo > 0
and

lim (klu(") + kQU(n)) = kluo + koo > 0. (18)

n—oo

Then from the third equation of (17) we have

lim y™*tY = lim y™ — 3, hm (klu(") + kgv(")) (n)

= Bo(kyul + kat)j = 0= 5 = 0.

Thus, a trajectory of the operator (17) converges to (z°,u°, 0, 1—z°%—u?).
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Case: b > 0. In this case by the result (16) we have (™) — 1 as n — oc. So all
the other sequences have zero limit. Thus, limit of the considering operator
is Ay = (1,0,0,0).

Case: b=0, a >0, ky = 0. Then (™ = 2° 4" =401 —a)* = 0 as n — oo,
and v(1) = v + Bokiuy > v, i.e., the sequence v(™ has limit, so y(™) also has
limit. If we denote  the limit of y(™), of course, it depends on initial point
MY and consequently, the limit of v(™) is 1 — 2% — .

Case: b =0, o > 0, ky > 0. Here also, as previous case, z(") = 20, u(") = ul(1 —
a)™ — 0 and the sequences y(™ v have limits.

If k1u® + kov® = 0 then we can consider two possible subcases:
o If ky = v° = 0 then v(™ = 0 and A(u(")m(”)) =0, so

lim y™tY) = lim y™ + « hm u™ =5 =1-2°

n—oo n—o0
o If u =% = 0 then u(™ = v(™ =0, s0 § =1 — 2°.
If kyu® + kov® > 0 then we consider the following subcases:
o If y° = 0% =0 then k1u® > 0, so ¥ = au® > 0 and from this
v = Bakra(l — ) (u®)? > 0.
e If 4y > 0,0 = 0 then k1u® > 0, so vV = Bokyuy® > 0.

e If v > 0 then v > 0. Here also by taking a limit of v(**1) we have
Bokoty =0.1ie.,§=0,s00=1—2°.

The proof of the Proposition is completed. O

5.3 Case no birth (death) rate and recovery rate (b = o = 0).
Proposition 9. For an initial point \° = (2°,u%, 3% v°) € 53 (except fixed points)
the trajectory (under action of the operator (6)) has the following limit

A0 if kyu® + koo =0
ILm V(")()\O) =9(0,1—94% =20 9% 09 if B >0, B2 =0, kyu’ + k0" >0
(O, UO, 0,1— uo) if 81 >0, B3 >0, k1u0 + kJQUO >0

We note that the case 51 = 0, B2 > 0 is not considered, because, it coincides with
some cases of Proposition 8.

Proof. If b =0, = 0 then the operator (6) is

M =z — By (k1u + kov)x
(1)
V. u(l =u+ B1(k1u + kav)x (19)
Yy =y — Ba(kru + kav)y
(

)
v =0 + Bo(kyu + kav)y
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From (19) one can check that the sequences 2™ 4y (™) are monotone, so
they have limits and let Z, @, © be the limits of (™, u(™, v(™ respectively. The
case k1u® + kov® = 0 is clear.
If B1 >0, B2 =0, k1u® 4 kov® > 0 then from kyu(™ + kov(™ > 0 we have that
u(™) non decreasing sequence and as (18), we have that
lim (kyu™ + kov™) = kit 4 kov® > 0.

n—oo

Therefore,

lim z"*tY = lim 2™ — By lim (klu(") + kgv("))x(”)
n—oo n— oo n—oo

and it follows 1 (k11 + kov®)z =0, ie., 2 =0,50 4 = 1 — y° — 00,

The case 51 > 0, B2 > 0, kju® + kyv® > 0 using

lim (klu(") + ]{JQ’U(H)) =kiu + kov > k:luo + kQ'UO >0,
n—roo
can be considered similarly. The Proposition is proved. O

5.4 Case no recovery rate and infectivity of persons in I; (o = 0,k = 0).
Proposition 10. For an initial point \° = (:I:O, u®, 9V, vo) € 53 (except fixed points)

the trajectory (under action of the operator (6)) has the following limit

lim VW(\%) =

n—oo

M ifBiki<boru®=0
A5 jfﬁlk’l >bandu® >0

Proof. Here we consider the case b > 0, otherwise it coincides with previous Propo-
sition cases. If & = ko = 0 then the operator (6) has the form

M) =z +b—bx — Bikiux
u) = u — bu+ Brkiuz
y D =y — by — Bakyuy
v = v — bv + Bokiuy

(20)

From the third equation of (20) one has
y M =y — by — Bokruy < y(1 - ),

ie., y™ < Yy (1 —b)", so y(™ — 0 as n — oco. Moreover, from the sum of last two
equations of (20) we get

lim (y™ Y 40Dy = (1= b) lim (™ +0™) = (3% +°) lim (1 —b)" =0.

n—oo n—oo n—oo
Hence, the sequence v(™ also converges to zero.

o If B1k; = 0 then u(™ = u(1 — b)™ has zero limit. Since the sequences y(™)
and v(") also converge to zero, it follows that the sequence z(™) has limit one.
Thus, the limit of the operator V is A;.
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e If 0 < B1k1 < b then from
uM =u— (b pikiz)u<u

we get that the sequence u(™ has limit. We assume that lim u(") =a > 0,
n—oo

then from
w D — () _ (b— @ﬁklx("))u(”)

d

we have lim (™ = —— an
n—o00 Bk

b Biki—b
Bk B1ky

The condition 81k < b contradicts to assumption @ > 0, so & = 0. Hence,
limit point of the operator is A;.

u=1

e If B1k; > b and u® > 0 then from the first two equations of the operator (20)
we formulate a new operator:

W =z4b—bx— Bk
W x X x + X 61 1Ux (21)
uM) =y — bu+ Brkiuz
Here we normalize the operator (21) as following:
Z‘(l) — a:+b7blffbﬁ(1k:1u):c
. x+u+b—b(xz+u
WO : u(l) _ u—butpBikiux (22)
T ztutb—b(z+u)

For this operator z(™ + u(™ =1, n > 1, so from () + u(!) =1 we have

x(2) — 1’(1) J'_ b — bx(l) — 51k1u(1)$(1)
u(2) — u(l) — bu(l) + 51k1u(1)$(1)

Thus, operators W and W, have same dynamics. From the first equation of
the last system we obtain

2® =1 =b—pik)z® + Brki (D)2 +b.
If we denote (V) = z, 2 = f; 5,1, () then we get
fb,ﬁlkl (.’t) =b+ (1 —b— Blkl)x + Blkle .

Definition 3 ([1, p. 47]). Let f: A — A and g: B — B be two maps. f and g are
said to be topologically conjugate if there exists a homeomorphism h: A — B such
that, ho f = g o h. The homeomorphism £ is called a topological conjugacy.

Let F),(z) = pxz(1l — x) be quadratic family (discussed in [1]) and

foorr () = b+ (1= b— Biki)z + Brkia®.



520 Sobirjon K. Shoyimardonov

Lemma 1. Two maps F,(x) and fy i, (x) are topologically conjugate for pu =
ﬁl ki —b+1.

Proof. We take the linear map (as in [6]) h(z) = pz + ¢ and by Definition 3 we
should have h(F),(z)) = fo,8,k, (h(x)), i.e.,

pua(l —z) +q=">b+ (pr+q)(1 —b— Bik1) + Biki(pz + q)°

from this identity we get

—pp = Prk1p? P= 5
pi=p(l —b— Bik1) + 2pgBik: =4q= 7“_1;;%?1]“
q:q(l—b—61k1)+51k1q2+b 51k1q2—(b+51k1)q+b:0

The roots of the equation

Bikiq® — (b+ Biki)g+b=0

are ¢ = 1, ¢ = Bl%bkl. If we choose ¢ = 1 then by ¢ = “_12‘;;’# we have
1= B1k; — b+ 1. Then the homeomorphism is h(z) = %x + 1. Moreover,
since b < B1k; <2 we have 1 < u < 3. O

The importance of this Lemma is that if two maps are topologically conjugate
then they have essentially the same dynamics (see [1, p. 53]). The operator

fopik (@) =b+ (1 —b— Biki)z + Brki2?

has two fixed points p; = 1 and p; = Blbkl' In addition,

Jopom (@) =1 =b— Biky + 261k,

from this and B1k; > b it obtains that the fixed point p; = 1 is repelling, py = ﬁlibkl
is attractive. Moreover, for any initial point z € (0,1) and for p € (1,3) the
trajectory of the operator F),(x) converges to the attractive fixed point (see [1,
p. 32]). Thus, for the case S1k; > b the limit point of the operator (20) is A;5. O

5.5 Case no only susceptibility of persons in S; (32 = 0,31 > 0).

Proposition 11. For an initial point \° = (xo, u®, 90, vo) € 53 (except fixed points)

the trajectory (under action of the operator (6)) has the following limit

(2°,0,1 — 2% — 29 0% ifb=0, a >0 and kju® + k0" =0

(0,0,1 — % %) ifb=0, a >0, kv >0

lim_ V) =(2,0,1 =2 —0,0°)  ifb=kov® =0, kyu® >0, a > 0
A ifba > 0, kul + kev® =0
A1 ifba >0, kot =0, Bi1k1 < b+«

where T = Z(\°)
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Proof. Here we consider the case 51 > 0, otherwise, this proposition is same with
Proposition 7. We note that the case b = a = 0 is considered in Proposition 9. If
B2 = 0 then the operator (6) has the form

M =z +b—bx — By (kyu + kyv)x
u(l) = Uu — bu —au + ﬂl(klu + kQ'U)x
yD =y — by +au

U(l) = U(l — b)

(23)

Case: b=0,a > 0,kju’ + kov® = 0. From A(u’,v°) = kyu® + kov® = 0 we have
the following simple cases:

o If k; = ky = 0 then (™ = 2% v =90 and v = 4°(1 — )" — 0, as
n — 0o.

o If by = v° = 0 then v™ =0, 2™ = 2°, 5o u™ = u(1 — )" — 0 and
y™ =1 —2%asn — oco.

o If u® = ko = 0, then u(™ = 0,0 =19 s0 2™ =29 y(") =40 =120
for all n.

o If u® = 0% =0, then u(™ = 0,0 =0, so 2" = 20, y(") =40 =1 — 20
for all n.

Case: b=0,a > 0,kyv > 0. Then v(®) =% and (V) = 2 — B (kyu + kgv)z < z,
yM) =y + au >y, i.e., the sequences (™, y(™ v(") have limits, so u(™ also
has limit. From the equation y("*+1) = y(") + au(™ we get limit and by a > 0
it obtains that u(") converges to zero. Moreover, by the second equation of
the system (23),

u(7z+1) — (1 _ a)u(n) + Bl(klu(n) + kg?)(n))x(")7

if we take a limit then we have 0 = (1 k2v°Z, from this and kev® > 0 we have
Z = 0, where Z is a limit of the sequence z(").

Case: b= kyv® =0, k1u® > 0, o > 0. Here also as previous case, all sequences
have limits and v(™ = v%. From y("t1) = 4™ 4 qu(™) we get limit and by

a > 0 it obtains that «(™ converges to zero. But, the limit lim,, ™ =z

depends on initial conditions x°, u°.

Case: b >0, a > 0, kju® + kv = 0. We have the following subcases:

o If k; = ky = 0 then (V) = 2 + (1 — 2)b > z and by the results (16) we
have that the sequence z(™ has limit 1.

o If k; = 0% = 0 then v(™ =0, u(™ = u°(1 —b— )" — 0 and as previous
case (™ — 1,n — co.

o If u® = ky = 0 then u(™ = 0,y = y°(1 — b)” — 0 and from v — 0
implies (") — 1 as n — co.

o If u = v0 = 0 then u™ = 0,0 =0, for any n = 1,2,3,... and

y™ =91 —b)™ = 0 as n — oo. So, it follows z(™) — 1 as n — oo.
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Case: b> 0, a >0, ko =0, Bk < b+ a. From kov® = 0 we have kyv™ =0
and
uM =u— (b+a— Bikiz)u < u,

i.e., the sequence u(™ has limit. Let us show the existence of the limit of y(").
Lemma 2. If S1k; < b+ « then the set
M = {(u;y) € S* : by — au < 0}
is an invariant with respect to operator (23).
Proof. Let (u,y) € M, i.e., by —au > 0. We check the condition by(") — au®) > 0:
by — au = b(y — by + au) — a(u — bu — au + Brkiuz)
= by — au + bau — b*y + bau + o*u — afkjux
=by — au — b(by — au) + au(b + a — k1)
= (by — au)(1 — b) + au(b+ a — B1k1x) > 0.
Thus, the Lemma is proved. (]

By the Lemma (2) we show the existence of limit (™). Assume that (u°,y°) € M
then y(™) is decreasing for any n. Let be (u°,y°) ¢ M then there are two possible
cases:

1. If after some finite step k, (u®,y*)) € M then (u(™,4(™) € M for all n > k,
so y(™ is decreasing for all n > k.

2. If (u(™,y(™) ¢ M for any n € N then by™ — au(™ >0, Vn € N, and so the
sequence y(™ is increasing.

Therefore, the sequences u(™ and y(™ have limits and from v(™) — 0 we get that
all sequences have limits. Since limit point must be fixed point and for the case
B1k1 < b+ « the fixed point A; is unique.

Thus, the proof of the Proposition is completed. O

For the case baw > 0, kov® > 0 numerical calculations suggest the following
conjecture. (Fig. 1, Fig 2)

Conjecture 1. If 3, = 0 then for an initial point \° = (xo,uo,yo, UO) € 53 (except
fixed points) the trajectory has the following limit

lim V™ (\%) =

n— oo

A1 lfﬁlkl §b+a, ba > 0 and kQ’UO >0
Mg fu’+v°>0and Bk >b+a, ba>0
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Figure 1: a = 0.2, b = 0.6, 5, = 0.5, Figure 2: a = 0.2, b = 0.1, p; = 0.5,

62—0, kl—l, k270.3,x —0.1,71 = 62 :0, k'l = 1, k'g :03, JZO :03,

0.01, ¥° = 0.2, lim V™ (\%) = A;. u® =0.2,9° = 0.4, lim V(A% = Ay.
n—oo n—oo

Let abfB182k1 > 0 and assume that all sequences have limits. First, we denote

by f(z), g(x):

bB1ky af Bokax
b+a  (b+fox)(b+a)’

fl@)=b+ Pz, gz) = (24)

Then the roots of the equation (9) are roots of the equation f(z) = g(x). We
consider graphical solutions of this equation.

Case: f1k1 > b+ . In this case bﬁlkl > b and the graphic of the function g(z) has

horizontal asymptote y = M

o = const, so the equation f(z) = g(x)
has unique positive solution (Fig. 3).
Case: f$1k1 < b+ a. In this case, slope of the f(z) is Tany = f; and slope of a

tangent at the point © = 0 of g(x) is Tany = O‘ﬁgiﬁzkf It is clear that, if

Tanp > Tany, i.e., B1 > ajﬁgﬁ"ff or b(b+ a) > afsks then f(z) = g(x) does

not have positive solution (Fig.4).

Case: f$1k; = b+ a. In this case the equation f(z) = g(x) has solution x = 0, i.e.,
operator (6) has unique fixed point A;.
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Figure 3: Sk > b+ a Figure 4: f1k1 < b+a, b(b+a) > afaks

These conclusions together with numerical calculations for the operator V' (6)
lead the following conjecture.

Conjecture 2. If abB; B2k, > 0 then for an initial point A\ = (xo,uo,yo,vo) €S
(except fixed points) the trajectory has the following limit

A ifu® =00 =0o0r Bik; <b+a, b(b+ a) > aBsks
A7 ifu®+0°>0and Bk >b+a

n—oo

lim V™ (\0) = {

Figure 5: @ = 0.1, b = 0.6, 1 = 0.5, Figure 6: o = 0.01, b = 0.1, 8, = 0.8,

Ba =0.01, ky =12, ky = 1.1, 2° = 0.2, 8, = 0.2, k; = 0.5, ks = 1.2, 20 = 0.2,

u’=0.1,4° =03, lim VOIQO) =X 40 = 04,40 = 0.1, lim V(X)) = Ay
n oo n— o0
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