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Homogeneous superstrings with retract CP'l*

Mikhail Bashkin

Abstract. Any complex-analytic supermanifold whose retract is diffeomorphic to the
complex projective superline (superstring) cpil is, up to a diffeomorphism, either
a member of a 1-parameter family or one of 9 exceptional supermanifolds. I singled
out the homogeneous of these supermanifolds and described Lie superalgebras of
vector fields on them.

1 Preliminaries

Let (M, F) be a complex-analytic manifold of dimension m. (More precisely, almost com-
plex manifold, see [BGLS*], since the vanishing of the Nijenhuis tensor is never need,;
however, from the very beginning (see [Gr]) one requires the underlying manifold to be
complex. This comment and starred references are added by the editor of this Special
Volume. D.Leites.)

Let E be a vector bundle of rank n over M, and & the be locally free analytic sheaf of
sections of E. Set O := A%(E).

The supermanifold isomorphic to the one of the form M := (M, (5) is called split. The
ringed space locally isomorphic to (M, A%=(E)) is called a supermanifold of superdimension
m|n. Physicists call supermanifolds of dimension 1|n superstrings, see [W*]. Let O be a
structure sheaf of any supermanifold. Let Z C O be the subsheaf of ideals generated by
subsheaf O and let 0,4 := O/Z.

Consider the following filtration of O by powers of Z

O=TI">TI>7>>..DI">IT" =0.

The graded sheaf gr O = @)_,gr,O with gr O :=1? /ZPTL defines the split supermanifold
(M, gr O) called the retract of (M, O).
Let m : ZF — gr,O denote the natural projection. Then, we have the exact sequences
of sheaves
0— I — 77 2 g1 O — 0. (1)
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The supermanifold (M, O) is split if and only if there exists an isomorphism of the super-
algebra sheaves h : gr O — O such that its restriction h,, : gr,O — Z? splits the sequence
(1), i.e., satisfies 7, o h, = id. Such an isomorphism exists in a neighborhood of any point
of M.

Let (M, Q) be a supermanifold and g a complex finite-dimensional Lie superalgebra.
An action of g on (M, ©) is an arbitrary Lie superalgebra homomorphism ¢ : g — v(M, O).
Then, a linear mapping ¢* : g — T.(M, Q) is associated with any x € M. The action ¢ is
called transitive if ¢* is surjective for any x € M. By restricting the action ¢ : g — v(M, O)
to the even component we get a homomorphism ¢g : gg — v(M, O)g. If M is compact, then
it is possible to integrate ¢g getting a homomorphism ® : G — Aut(M, O), where G is the
simply connected complex Lie group whose Lie algebra is gz. This homomorphism induces
a homomorphism ®, : G — Bih M into the group of biholomorpic automorphisms of M,
in other words — an action of G on M. The action ¢ is said to be 0-transitive if ® is
transitive.

If a Lie group G acts O-transitivity on M, then ¢® : g5z — T,.(M) is surjective for any
x € M. Conversely, if M is compact and ¢* : g5 — T.(M) is surjective for any x € M, we
can integrate this action to a O-transitive action of a Lie group.

The supermanifold (M, O) is called homogeneous (resp. 0-homogeneous) if the natural
action of the Lie superalgebra v(M,O) on (M, ) is transitive (resp. O-transitive), see
[BO2], [O3]. This means that the evaluation mapping ev, : v(M,O) — T,(M,O) (resp.
the restriction of ev, to v(M,O)j is surjective for any = € M.

Thanks to [O3] we know that ¢ is transitive if and only if it is O-transitive, M is
compact, and the mapping ¢7 : gy — T, (M, O)z is surjective at a certain point xg € M.
This implies that a 0-homogeneous supermanifold is homogeneous if and only if the odd
component of the mapping ev,, : 0(M,O) — T,,(M,O) is surjective at a certain point
Xo € M.

One easily proves (see [BO2]) that the retract of a homogeneous supermanifold (M, O)
with compact M is homogeneous, too.

In what follows, I consider the problem of classification (up to a diffeomorphism) of
supermanifolds with retract CP* and describe which of the supermanifolds considered are
homogeneous or at least 0-homogeneous.

2 Superstring CPY4. The first cohomology of the tangent sheaf

Over CP', consider the holomorphic vector bundle
E=L_; ®L_;, ®L_;, ®L_y,, where ky > ko > ks > ks > 0.

Let C73,1€|14,€2 ks = (CP', O A (6)) designate the split supermanifold determined by E. As

shown in [BOZ2], if CP,lgll4k2k3k4 is homogeneous, then the k; must be non-negative.

Let us cover CP! by two charts Uy and U; with local coordinates x and y = %, respec-

tively. For CP,1€|14k2k3k4, the transition functions in Uy N U; are y = =% and n; = z7%¢; for

1=1,...,4, where & and 7, are basis sections of E over Uy and Uy, respectively.
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If O, is the structure sheaf of CP'* := C771|1411, then Tg, := Der Oy, is the tangent
sheaf (or the sheaf of vector fields). This is a sheaf of Lie superalgebras. The sections of
the tangent sheaf are holomorphic vector fields on the supermanifold. Their sections are
clements of the Lie superalgebra n(CP', O,,) := I'(CP', T;,) of vector fields on CP'1.

The sheaf Ty has a Z-grading T = @ _ <)<y (Tar)p » where

(Tar)p := DeryOge = {v € Tge [v((Ogr)g) C (Ogr)prq for any gq}.

The Lie superalgebra v(CP", Og:) becomes also Z-graded with the induced grading com-
patible with Z/2-grading by parity.

We can regard 7, as a locally free analytic sheaf on CP'. From [O3] we have the
following exact sequence of locally free analytic sheaves on CP':

0—ERNE STy HORNE—0,

where © = Der F is the tangent sheaf of the manifold CP', and F is the sheaf of functions
on CP'. The mapping « is the restriction of a derivation of @ to F, and i identifies any
sheaf homomorphism £ — A°E with its prolongation to a derivation that vanishes on F.
Hence, the analytic sheaf 7, is locally free. Therefore, 7, is the sheaf of holomorphic
sections of a holomorphic vector bundle over CP'. We call it the supertangent bundle and
denote ST.

Thanks to the Bott-Borel-Weil theorem the following theorem holds.

g|-1 01 2 3 4
p=0|8 19 8 0 0 O
p=1[{0 0 0 10 8 1
The group SLy(C) trivially acts on H'(CP*, (Tar)2) and H'(CP!, (Ta)s)
Set 9
0:=&&88, =3z, Vi= 3 &Og;
& 1<i<4 2)
i § = 00 V' = o
mnensna, o o 1;@477 i

The next Theorem expounds the result of Theorem 2.1 by giving the Czech cocycles of
the covering {Uy, U, }; these cocycles determine the bases of non-zero spaces H*.

2.2. Theorem. The basis of H'(CP', (Tg.),), where p = 2,3,4, can be represented by the
following cocycles zy; :

P | co

2| 27180, ~ a1 0k0g, for l <k and k,l=1,...,4,
10,0, forr=1,...,4;

10,0, ~ 17200, and x7100;, forl=1,...,4;

4 | 27160,.

w
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Proof. Let us find a basis in H'(CP', (Tg)2). For this, consider the part ST(E), of the
tangent space ST(E) := &ST(E),;. In [BO2], the following decomposition was considered:

E),=@STE)s P STE)™, where

1<j 1<j<k, r#ijk

ST(E)S) =< £6,0, and  &€;60,, wherei < j, and k #1i,j >,
ST(E){7*") =< £i&i&k0k,, where i(j <k, and r #1i,j,k.)

Moreover, it was shown in [BO2] that ST(E){? ~ L_,®2L_; and ST(E){*" ~ L_,.
Consider the bundles ST(E)\” and ST(E )g”k ") separately. Let (Tg)i " designate
the sheaf of holomorphic sections of ST(E), (i1-%) We see that (recall notation (2))

80, =y 20,0y, where | <k, k#i,j, 1#1i,7],
&0y = —nin;0y — y V' = —y (V' + ynin,0,),
&5V + 16850, = —y 680,

Hence, for the basis sections of L_s (resp. L_;) we can take
010¢,, &&;0y, (resp. §&,V + x£;€;0,) for all 4,5, k, L.

Then, ST(E)Y) ~ L_, ®2L_, and (T,,)¥ ~ F(—2) & 2F(—1), where F is the sheaf of
holomorphic functions on CP!, is the corresponding isomorphism of sheaves.
The results of [BO2| imply that

HY(CP'(Ty)¥) = H'(CPLF(-2)) and dim H'(CP', (T,)§) = 1

)

so the cocycle desired is of the form
xilélagk.

Let us show that 10,0, ~ x7101,0%,.
Indeed,
x_lélaﬁk = ?/_1523% ~ y_l(sl/ank + nsntay
= 1371(516& — 55&&3 — 1’71516& + mflékc’“)& ~ [Eiltskagl,

where (1, k;s,t) € {(1,2;3,4), (1,4;2,3), (2,3;1,4), (3,4;1,2)};

Iilél@fk = yilallank ~ yilézank - 77577t8y
= $_15la§k + fsft(?x — .le_lélagk + .Clﬁ_lékagl ~ Z'_I(Skagl,

where (I, k;s,t) € {(1,3;2,4), (2,4;1,3)}.
Since 6,0¢, = y~20.0,,, then take 4,0, for a basis section of L_,. We have

ST(E)S7*") ~ 1_,
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and the corresponding isomorphism of sheaves (75, )5*" ~ F(—2).

The results of [BO2] imply that H'(CP', (7,,)5¥*") ~ H'(CP', F(-2)),
dim HY(CP', (T5)9*") = 1 for any i < j < k, and r # i, j, k,
and the cocycle desired is of the form
2716,0k, .

Let us now find the basis of H!(CP', (7g)3). Consider ST(E); and again apply the
results of [BO2|; we get

ST(E)s = D ST(E){™,

i<j<k
where ST(E)éij ") is spanned by

§i&ik0y, 00, where 1 <i<j<k<d4, I#i4,j.k le{l,... 4};

&0, == —y 2 (yminm0y + miny Oy, )
80¢, — £0,0, =y~ 380, +y 26,0, — y320'0,, = y~20,0,.

Hence, take &¢£;£,0, and 00, — 26,0, for basis sections of L_, and L_;.
We see that ST(E){7™ ~ 2L_, and (7,)9" ~ 2F(-2).
The results of [BO2] imply that

HY(CP', (T,)§") ~ 2HY(CP', F(—2)), and dim H'(CP", (T5)5") = 2,
where 1 <i < j < k <4, and the cocycles desired are of the form
x50, and x_léﬁfl — 00, ~ m_158§l, where [ # i, 7, k.

Let us show that
x_lélax ~ 13_2(58&.

Indeed, 10,0, = —06]0, + y 100, ~ y 18D, = 17200,
In [BO1], it is proved that the basis element of H'(CP', (7)) can be represented by
the cocycle 27160, O

3 Non-split supermanifolds with retract CP!!*
The structure sheaf of the split supermanifold (M, Oy,) is endowed with a Z-grading

Og = @ (Ogr)p, where (Og), = A%(E).

0<p<n

Clearly, (Og;)ra is naturally isomorphic to the subsheaf F C O,,.
Observe that the natural filtration of the sheaf 7 = Der O yields the following filtration

o(CP", 0) = v(CP",0)(~1) D ... D v(CP', 0) (4 D v(CP",O0)(5) =0,
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where v(CP', 0),) = T'(CP", T()).
Thanks to results in [O1], we have the following exact sequence

0 — v(CP', 0) (1) — b(CP',0)y) 2 o(CP', 0,,), for any p> —1.

We say that u€0(CP'Oy,), is liftable in (CP}O), if u € Im o,
Consider

Aut2)Og = {a € Aut Oy, | a(f) — f € J? for any f € Oy}

Let Aut E be the group of fiber-preserving automorphisms of E. Then, the following
theorem holds.

3.1 Theorem ([Gr]). There is a bijective correspondence between the isomorphism clas-
ses of supermanifolds (M, Q) such that gr O ~ Oy, and the orbits of the action of Aut E
on H' (M, Aut(9)Oy), and (M, Oy) corresponds to the unit class e in H* (M, Aut(2)Og,).

4 On 0-homogeneity of supermanifolds with retract CP*!*

Recall a fine resolution of the sheaf 7, = DerO,, endowed with a bracket operation that
extends the bracket given in 7. Let us denote by ®”¢ the sheaf of smooth complex-valued
forms of type (p,q) on M. We form the standard Dolbeault-Serre resolution d of Og by
setting for any ¢ € ®%4 and u € (Oy),

~

PP = OO @ (Og)py D = Bpgz0 @, D @ u) = I(p) D u.

Then, regarding S as a sheaf of graded algebras with respect to the total degree, consider
the sheaf of blgraded Lie superalgebras T = Derd. Clearly, D = ady is a derivation of

bidegree (0,1) of T satisfying D’ =0. Set
S:={ueT|uf)=0and u(df) =0 for any f € F}.

It is easy to see that S is a D-invariant subsheaf of bigraded subalgebras of T. Moreover,
7;T is identified with the kernel of the mapping D : S™® — S™!. Thus, we get the sequence

~ D D
0— T 80 S 89t 2

Let us specify an explicit form of 7. Let F*° be a sheaf of differentiable complex-valued
functions on M, then O = Oy ® F> and

PAut(g)(’)gf = _
{a € Aut O | a(f) = f for any f € F; a(u) —u € @ (Og) for any u € O

k>2

If 2 = (2;5) € Z' (Y, Aut(2)Oy,) is a cocycle in the covering &I, then z;; = h; 'h;, where
.- On the other hand, z;; = a;laj, where a; € PAut O (U;). Then,

7 .
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over U; N Uj, we have h;'h; = a; 'a;, and hence ¢ := a;h; ! = ajhj_l is an injective sheaf
homomorphism O — Og'. Then, 7 : T — & is defined by the formula 7(v) := gvo™!.

Now, let the bundle E correspond to the supermanifold CP'; let the tangent bundle
ST(E) be endowed with a smooth SU,-invariant hermitian metric (see [O1]). Since CP'
is compact, we can apply the Hodge theory. In [O1], [03], [02] a complex (S, D) is
constructed which can be considered as a complex of (0, *)-forms with values in the bundle
ST(E).

Let H C S denote the bigraded space of harmonic elements, H the orthogonal projec-
tion to H. As is known,

H,,~ H"(S, D) ~ H'(CP', (ir)p) for any p,q > 0. (3)

Set
Hy = P Hapy = Hyy @ Hyy = HY(CP', (T,1)2) ® H(CP', (Ty)a).

p=1

The SUs-invariance of the metric implies SUs-equivariance of H, and isomorphisms (3).

4.1. Theorem. Let (CP',0) be any supermanifold with retract CPY. Then, the SU,-
action on CP' can be lifted to (CP*,©). In particular, (CP', O) is 0-homogeneous.

Proof. Consider the non-linear complex K = (K%, K', K?) (see [BO2]), where

K° =T(CP', PAut () 0%),
K= S* for q=1,2,

k>1

with the coboundary operators ¢, : K¢ — K% for ¢ = 0,1, and the action p of the group
K® on K', defined by the formulas

So(a) = 0 — ada™,
81() = D — 3 1),

pla)(u) = a(u — d)a~' + 0.

By definition , the corresponding set of 1-cohomology has the form Z!(K)/p(K°), where
ZYK)={ue K| d(u) =0}

Since dim CP' = 1, it follows that Hy) C Z*(K). Moreover, as is shown in [02], the
natural map Hg;y — H'(K) is surjective.

Further, H°(CP', (7,)2) = 0 by Theorem 2.1. Hence, Theorem 3.13 from [02] is
applicable implying that this map is bijective. Thus, the bijection Hy) — H YK) is
SUs-invariant.

On the other hand, Theorem 2.1 implies that SU; acts on Hy) trivially. Hence, it acts
on H'(K) also trivially, and every cohomology class contains an invariant cocycle.

Applying the obtained in [O3] criterion for lifting the action of the compact groups
on the non-split supermanifold we see that the SUs-action on CP' can be lifted to any
supermanifold (CP', ©O) with CP'™ as its retract. Since SU, transitively acts on CP', all
these supermanifolds are 0-homogeneous. ([l
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5 Description of supermanifolds via cocycles
Thanks to Theorem 3.1, the classes of isomorphic supermanifolds (M, O) are in bijective
correspondence with the Aut E-orbits on the set H'(M, Aut(2Oy). Let M = CP' and
the odd dimension of supermanifolds (CP', O) be < 5.
As in [O2], define the ezponential map
oxp i T = (Tg)o © (Ter)s — Aut(2)Ogr,

1 and the map

its inverse log := exp~
Aop 1 Aul(2p) Ogr — (Tgr)2p

sending any a € Aut(zy)Og to the 2p-component (loga)a, of log a.

The map exp is an isomorphism of sheaves of sets, Ay, is a surjective homomorphism of
sheaves of groups. In what follows, we will represent the cocycle g = expu by the cocycle
U = Uy + uy, where

uy € Z'(CP', (Tg)2) and uy € Z'(CP', (Tge)s)- (4)

Since
(Tar)2 - (Tgr)a = (Tgr)a - (Tgr)a = 0,

it follows that (74 )4 is a central ideal in 7y,.
The exact sequence (see [02])

A
e — Aut(2p+2)(9 — Aut@p)O N

(Tgr)?p — 0
yields — for p = 2 — an isomorphism of the sheaves of groups
exp : ('Tgr)4 — Aut(4) Ogr - Aut@)Ogr.

Hence, Aut 4Oy, belongs to the center of Aut2)O,;,.
Define the action of the sheaf of groups (7g)s on Aut(s)Og, by mean of right shifts

U: vty 2= 2(expv), where v € (Tg)s, and z € Aut(2)Og,.

Let us translate this action to Czech cocycles of the covering Uy, Uy. Let us check if it
is also well defined on cohomology. Let v/ ~ v and 2z’ ~ z, where

v',v € ZYCP, (Tar)a), 22 € Z'(CP', Aut(2)Oy).

Then, v’ = b +v — b and 2’ = @ z(cM)~!, where b, ¢ are holomorphic sections
over U; for i = 0,1 of the sheaves (7g )4 and Aut (9O, respectively. We see that

Zexp v = (Oz(cM) ™) (expv)(exp b)) (exp b)) !
= (Pexp b)) (z expv)(cWMexp b))~ ~ zexpw.

Therefore, the action ¥ on cohomology is well defined.
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5.1. Theorem. Let dim(CP', O) = 1|n with n < 5. Then, the action ¥ defines a free
action of the group H'(CP', (Tg)s) on HY(CP', Aut(2)Oy); the orbits of this action are
the fibers of the map

Ny HYCP', Autq)Oy) — H'(CP", (T )o).

Proof. To show that H*(CP', (Tg)4) freely acts on H'(CP', Aut(5Oy), i.c., the stabilizer
of any element z € Z'(CP', Aut(5)Oy,) is trivial, let z(expv) ~ z. By the above, there
exists an element

u € ZHCP', (Tg)2 ® (Tar)a)

such that z = expu.
Let u = us + uy, see (4). Since

V=14 € Zl((C]PI, (Er)4)>

then
z(expv) = exp(ug + uqg)exp v = exp(ua + ug + vy).
Hence,
exp(ug + ug + v4) ~ exp(ug + uy).
Therefore,

exp(ug + ug + vg) = cOexp(ug + ug) (M),

where ¢ € T'(Uj, Aut 2Oy, ) are holomorphic sections for i = 0, 1.

Let us represent ¥ = exp(ag) + aff)), where agl) and aff) are holomorphic sections
of the sheaves (Tg)2 and (Tg )4, respectively, over U; for ¢ = 0,1. Then, applying the
Campbell-Hausdorff decomposition twice, we see that

exp(aéo) + aflo)) exp(ug + uy) exp(—ag) — af))

= exp(ay) + af” +us + ug — af? — af + Lad”, us) — L[ug, al¥]—

Ay’ Ug| — 5|Uz, Gy
0 (1
—1[ad”, al]).
Hence,
Ug + Uy + Vg = ago) + aio) + Ug + Uy — agl) — afll) + %[ago), U]
_1 Wy _ 17,0 (1)
2[“2,% ] 2[% y Qg ]
Therefore,
0 0 1 1 0 1 0
v4:aé)+ai) —ag)—ai)jt%[ag),ug} - %[ug,ag )] —%[ag),aé )].

With respect to the degrees this equality breaks into two:
0= q 1)

- CL2 - CL2 )
vy =al? —al" + Yad uo] — Lug, a3)) — Ly, ).
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Hence, we see that vy = aflo) — ail), ie, v~ 0.

Let us show now that the orbits of the H'(CP', (T, )4)-action on H'(CP', Aut (2 Oy)
are fibers of the map A}. Indeed, let z(expv) ~ y, where

Y,z € Zl ((C]P)l, AUt(2)Ogr)a V=14 € Zl (CP17 (Er)4)

Then, there exist u,w € Z'(CP', (Tg)2 ® (Ta)s) such that z = expu and y = exp w.
Let
U = Uy + uy and w = wq + wy,

where ug, wy € ZH(CP', (T )2) and uy, wy € ZH(CP', (Tg)4). We have
exp(uQ + uyq + U4) ~ exp(wz + w4)

or, as in the first part of the proof,

exp(ug + ug + vg) = C(O)exp(wg + w4)(c(1))_1,

where ¢ = exp(al) + a{”). We similarly obtain

exp(ug + ug + v4) = exp(aéo) + aflo) + wy + wy — agl) — aff)).

Having applied Ay to both sides of this equality we get

Ug = ago) + we — aél).
Hence, uy ~ wy, i.e., z(expv) and y determine the same class in H*(CP', (7)) with
respect to A3. U

5.2. Corollary. The classes in Hl(CPI,AUt(g)Ogr) are determined by pairs (ug, uy), see

(4).

Proof. Theorem 2.1 implies that H'(CP", Aut 2Oy, ) can be viewed as the bundle with base
H'(CP', (Tg)2) and fiber H'(CP", (Tg,)4). Thus, any class in H'(Aut 2 Oy) is determined
by (ug,uy), see (4). O

5.3. Theorem. Any supermanifold with retract CP'™* coincides, up to an isomorphism,
with one of the following supermanifolds M determined by the cocycle u®Y = uy + uy,
see (4).

For homogeneous of these supermanifolds — the cases marked by =, the Lie superalgebra

v(M) is described in § 7.

1*) ug =0, and uyq = 0;

2°) uy = 71610¢,, and uy = 0;

3*) ug = 71810, + 27 1820¢,, and uy = 0;

4*) ug = 71610, + x71020¢, + 171030k, and uy = 0;

5%) ug = 2 1010¢, + 17 1020¢, + 17 030¢, + 71040, and uy = 0;
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(=)

=0, and uy = 27100,;

= 271010, and uy = x7160,;

o = 271010, + 171020k, and uy = x7160,;

9) uy = 2710,0¢, + 1 1020¢, + 171030, and uy = 1160,

10%) ug = t(x71810¢, + 271020, + 171030¢, + 271040, ) with t € C*, and uy = 2160,

<
N

0 ~
S— N
<
[\

<

Proof. Theorem 2.1 implies that
HY(CP', (T)2) =~ C*, and H*(CP', (T )4) ~ C.

Thus, by Corollary 5.2, H'(CP", Aut (5 Oy,) is the bundle with base C'° and fiber C.

Theorem 2.2 provides us with the system of generating cocycles for the basis and the
fiber of this bundle. Thus, any supermanifold with retract CP' is determined, up to an
isomorphism, by the cocycle which in Uj is of the form

u = Z cijx_lé}-agj + cx7160,, where ¢;; = ¢j;, and ¢ € C. (5)
i,7=1,...,4
Let o € Aut E. Since the automorphism « is a linear function in sections &1, ..., &y,

then in U, we see that

al&) = Z aji(z)&;, where aj;(x) are holomorphic functions in .
1<5<4
Therefore, in Uy this equality takes the form
yram) = > auly Yy, o alm)= > au(y " )n;

1<j<4 1<j<4

This is how the action of the group Aut E on sections 7y, ..., n4 on U; is defined. Hence,
a;i(y~') should be holomorphic functions in y on U;. Hence, a;; = const for any i, j.

Therefore, any automorphism o € Aut E is given by a complex matrix A = (a;;), i.e.,
Aut E ~ GL4(C).

Let B = (b;j) be the inverse of A = (a;;). Then,

(0 = (ad,a7")g; = ade,( D bii&) = alby) = by,
1<k<4

ie.,

() = Y bi0e;.

1<j<4

Let 0 = C ; ?}{; 4l> € S4. Further,

a(6) = a(&162€384) = (&) a(&2)a(83)a(éa)
:( > anfi)( > aj2§j)< > ak3fk)( > az4§z)

1<i<4 1<j<4 1<k<4 1<1<4
= ( > signo - ailajgak3a14)6 =det A - J;
oE€Sy

a(8;) = a(a&(s) =a(@)a(d) =det A Y bpde,d=detA- S bidy.

1<k<4 1<k<4
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We see that
a(x_léﬁz) =27 a(6)0,
=a! (1gzz:'g4 au&) (1%:9 @7‘257) (sz:g aksfk) (1§§4 al4§z)3m

- afl( > signo - ai1aj2ak3az4)68x = det A 27 100,;
oESy

a(x_léiagj) = m_la(éi)a(agj)
=det A- Z bik Ok Z bjlagl =det A- 1<k2;<4 bikbﬂék(‘)&.

1<k<4 1<i<4

Then, having applied « to the cocycle (5), we get
afw)=detA- > w7 eybubudide + det A - c™60,.

1<d,5,k,1<4

This implies, in particular, that the matrix C' = (¢;;) transforms into (det A)B'C'B.

Since every cocycle of the form (5) is uniquely determined by the matrix C' and the
number ¢, and the (Aut E)-action is known, it suffices to consider the following cases.

1. In this case, C'=0 and ¢ = 0.

2. Let rkC =1 and ¢ = 0. Then, as follows from Algebra course, the group GL4(C)
does not change the rank of C' and there is an invertible operator reducing C' to the 4 x 4
matrix E1;. To this matrix the cocycle 716,09, corresponds; we will consider this cocycle
as a representative of the corresponding (Aut E)-orbit on Z'(CP', Aut(2)Oy).

3, 4 and 5. Let rkC = 2,3 and 4, respectively and ¢ = 0. As in case 2, we get,
respectively, the following representatives:

l’_l(slagl + 37_162852,
1’_1(51351 + 13_1(52(952 + 13_1(53(953,
1'7151051 + 1'7152852 + 1371(538&3 + 1771548&1.

6. Let ¢ = 0 and ¢ # 0. Then, the transformation determined by the matrix A
with det A = % leads to the cocycle 27160,. Let us take it for the representative of the
corresponding (Aut E)-orbit on Z'(CP', Aut(2)Oy).

7. Let tkC =1 and ¢ # 0. Since C' is not invertible, it is possible (elementary linear
algebra) to find a matrix A with det A = % so that C' becomes the matrix unit Fq;. The
cocycle corresponding to this matrix and the number 1 is 716,09, + 27160,. Let us take
it for the representative of the corresponding (Aut E)-orbit on Z'(CP*, Aut 2) Oy, ).

8 and 9. Let rkC = 2 and 3, respectively, and ¢ # 0. In analogy with case 7, the
representatives are, respectively,

x_lél(‘?& + .T_légagz + x_lcmx,
x71010¢, + 271020¢, + 7 1030¢, + 27100,

10. Let tkC' =4 and ¢ # 0. In this case, by an invertible transformation with matrix
A such that det A = % the matrix C' can be reduced to the diagonal form t1,, where
teCx.
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As a result, we get a 1-parameter family of cocycles
cr = t(x71610g, + 2710208, + 210308, + 7 16040,) + 27190,

Every cocycle ¢, defines an orbit in Z'(CP*, Aut(2)Og;). dJ

6 Which of the supermanifolds with retract CP'* are homogeneous

Consider an open covering U = (U;);es of a topological space M. Let the supermanifold
(M, O) be determined by a cocycle g € Z' (M, Aut(2)Og,). Recall the definition of a liftable
field, see § 2.

6.1 Theorem ([BO1]). The vector field v € v(M,Og), can be lifted to (M,O) if and
only if there exists a v € CO(M, (Tg) () such that

vt = v mod(Tgr) 1) (U3),
g(l])v(]) — /U(l)g(w) /Ln UZ m U] 7é @

Consider the representation
g = expu® where u®) € ZY(CP', (Ta)2 ® (Tar)a)-
Let u(®Y = uy + uy, see (4).

6.2. Corollary. The vector field v € v(CP', Og)p can be lifted if and only if the following
conditions hold

p=-1 [v,u]=v{" —0{” (2)
[Uv U’4] = Uél) - U:S,O) + [U2>U§ )] + %[Ug, [u2a UH? (3)
_ _ 1) (0
p=0 [0, us] = vy Uy 7
[0, ug) = 0§ — 0f” + [ug, v§"] + L[ug, [uz, v]],
_1 IO NG
P [V, us] = vy (D

Proof. Let v € o(CP', Oy,),, where p = —1,0. Let us seek v in the form v + UI(QQ + UZ():)_4
for U;QQ € v(U;, Ogr)pt2, and vﬁﬂ € v(U;, Ogr)pta.
By Theorem 6.1 we have a condition

GO0 (1) — () (01
Then,
,U(O) — g(OI)fU(l)<g(01))_1 — (exp adu(()l))v(l)
— fU(l) + [u(OI)’ U(l)] + %[u(()l)’ [fu/(Ol)’ fu(l)“
Therefore,

1
v+ Uz()% + Uz(zo+)4 =v+ ’UI()}F)2 + U;(724 + [ug + ug, v + U;()ir)z} + 5[“2, [ug, v]].
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Hence, we get the conditions

WO
S o 1)
[Ua U4] = Upig = VUpta + [uQa Up+2] + %[u% [u27 ?}H

Let v € v(CP*, Ogr)1. We seek v@ in the form v + véi), where véi) € v(U;, Og)3.

Theorem 6.1 we get the condition

GO (1) — () (01

Then,
00 — 9(01)1}(1)<g(01))*1 = (exp adu(m))'u(l) =M 4 [u(Ol)’v(l)]'

Therefore,

v+ véo)

= v+ 0§ + [uy + ug, v + 05",
Hence, we get the condition

[V, ug] = Uél) — véo).

By

O

The definition of homogeneous supermanifold implies that the supermanifold is homo-

geneous if and only if the following map is surjective

ev, : o(CP', O) — T,(CP', ©) for any x € CP".

Since 0-homogeneity takes place by the proved, it is necessary and sufficient to prove

that all fields J;, € b(CP', Og)_; can be lifted to (CP', O).

Let us use the conditions obtained to verify the homogeneity of the supermanifolds
in the 10 cases of Theorem 6.1. For every homogeneous (CP', ©), I compute the Lie

superalgebra of vector fields on it.

6.2 Case 1. It corresponds to the supermanifold CP'. Tt is well-known that this su-
permanifold is homogeneous. The Lie superalgebra of vector fields on CP'* is known (see

[03]):

0(CP', Oy) 1 =< vs; = —0,,v6; = —10e,, where i=1,... 4>
U((CIP)l, Ogr)O =< v = —&@5]., where 4,7 =1,...,4, vs5 = x0, + V,

Vo6 = —10y, Usg = —0y, Vg5 = 220, + 2V, where > vy =0 >;
1<i<6

U(C]Pl, Ogr)l =< Vj5 = —&(l‘ax + V),Ui(; = —5,690 for i = 1, ce ,4 > .

6.3 Case 2. Then, up = 27619, and uy = 0.
Let v; = =0, € o(CP*, Ogr)—1, where i =1,...,4.
We will repeatedly use the following “formula”

Since [vi,ug] € Z'(CP',(Tg)1), then [vi,us] ~0 by Theo-
rem 2.1, and hence condition (2) of Corollary 6.2 holds.
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Since 96
[Ui7u2] = [_aﬁivlﬁléla&] = aé 651
is holomorphic in Uy, then for each v; we set
_106;
40 0 = e g
We have
_ 100 . 0
[x 1518517 -z lg_éa&] =7 2518&1(%)8& +x 285 651 (51>a£1

861) 0.

The first summand vanishes since 6; does not contain & by definition and O, ( 06,

The second summand also vanishes since 0, (61) = 0.
Hence, condition (3) of Corollary 6.2 takes the form

O:vél)—% .

Set Uéo) = v:(,,l) = 0.

Therefore, all fields v; = —0,, where ¢ = 1,...,4, can be lifted; moreover, in U, they
have the same form. Hence, the supermanifolds corresponding to the cocycle of the 2nd
case is homogeneous.

6.3. Theorem. Let supermanifold (CP*, ©O) be isomorphic to the supermanifold deter-
mined by the cocycle u®) = x71,0,. Then, (recall notation (2))

b(CP', O)5 =< =0y, 120, + 2V — 610, 220, +V,

—20, — &0, —10y — §30e,, —10, — u0g,, —&20¢, —&0g,,
_62(9&@ _638517 _538527 _538547 _£40§17 _648527 _64853 >
U(C[Pl, O)T =< —6&. fO’I" i = 1, e ,4, —:L‘agl, —ZL’@& —|— 5354851, —5]035,
—20g, — £2640¢,, —10g, + £2630¢,, —&(x0, + V), for j=2,3,4>.

6.4 Case 3. Let up = 276,09, + 2 1020,, and uy = 0.
Let v; = —0¢, € 0(CP', Oy )y, where i = 1,...,4.
Thanks to (6) and since

06, 95,

[vi, us] = [0, $71513£1 + $71523£2] =7 a_g-a& - 3_5'852
is holomorphic in Uy, then for each v; we set
100 1 00
U§0) =0, Ugl) = ' aé 851 8_5852'
In the same way as in Case 2 we see that
_ _ 100, 100y
[ZL‘ 1518& +x 152852, —X 18—&8& — X 18—&8&] =0.
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Hence, condition (3) of Corollary 6.2 takes the form

0= vél) — vgo).

0 _ @) _
Set v3’ =wvy° = 0.
Thus, all fields v; = —0, for i = 1,...,4 can be lifted and in U, they have the same
form. Therefore, the supermanifold corresponding to the cocycle of Case 3 is homogeneous.

6.4. Theorem. Let supermanifold (CP',O) be isomorphic to the supermanifold deter-
mined by the cocycle u®Y = 1718,0¢, + 27 1650,. Then, (recall notation (2))

0(CPY, O)g =< —8,, 220, + 2V — 6,05, — 030y, 200, + V,

528527 _xaﬂc - 538537 _xam - 548547 £1852 - 528&7 _538517

_53852’ _536547 _548517 _548527 _54653 >

U(CPI, O)T =< —852., 9, = 1, . ,4, —.%'851 — 5354852, —.Z'a& + 5354851,
—20g, — §2840¢, + 1840, —10g, + 28306, — 1830,

—&;(20, +V), =0y, j=3,4>.

6.5 Case 4. Let uy = 271810, + 27 1020¢, + 271030, and uy = 0.
Let v; = —0, € 0(CP',O,,)_1, where i = 1,...,4.
Thanks to (6) and since

['Ui,UQ] = [—852.,:6_1(51851 +a (52852 + l'_1(538§3]
109 100 1003
=—a! éa&_x ! 5852_‘% 1?5853

is holomorphic in Uy, then for each v; we set

100 —100 100
v’ =0, oY =21 v g 00 — 07 g 0n — v g O

In the same way as in Case 2 we see that [X,Y] = 0, where

X = .2?_1(51851 + 93_1528& + x_1536§3,
YV i=—a! 651851 — x_la(SQ@@ _ 190 30, .

& 3 0
Hence, condition (3) of Corollary 6.2 is of the form
0= vél) — vi(,,o).
Set Uéo) = vél) =0.
Thus, all fields v; = —0, for ¢ = 1,...,4 can be lifted and in U, they have the

same form. Therefore, the supermanifold corresponding to the cocycle of the 4th case is
homogeneous.
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6.5. Theorem. Let supermanifold (CP',O) be isomorphic to the supermanifold deter-
mined by the cocycle
(01) _ -1 -1 —1
Ut =27 010, + 27 020¢, + & 030,.
Then, (recall notation (2))

o(CP', O)g =< —0,, 220, + 2V — 610, — 820¢, — 030¢,, 220, + V,
§10g, — §20¢,, £10e, — &30k, £20e; — £30e,, —10, — &40,
—&40¢,, —€40e,, —€40z, >
U(CPl, O)T =< —8& for i=1,....,4, —x851 - 5354852 + 5254853,
—x0¢, + &340z, — £1840g;, —10g, — £2840¢, + §1840s,,
—x0e, + £2830¢, — §1830e, + £1620¢,, —&u(20, + V), =40, > .

6.6 Case 5. Let

U = x*151(9§1 + I7162a§2 + .T71(538§3 + x71(54854, and Uyg = 0.

Let v; = —0, € 0(CP',O,,)_1, where i = 1,...,4.
Thanks to (6) and since

[’Ui, UQ] [ 851, _1612%1 + 13_1(5285285—0— l’_153853 48—(51’_1(54854] =
=-—T 85 a& - x_la_éaéz - :L‘_la—é’a& - x_la—5854
is holomorphic in Uy, then for each v; we set

B m_ 4,06, B 4009 B _1% B 1064
vy’ =0, vy’ =—x 3&851 T 8&8& T 8&863 7%,

In the same way as in Case 2 we see that [A, B] = 0, where

A=z 151(951 + 27_1(52852 + I_153853 + x‘1546§4,

~100 —100 —100. 100,
B:=—x 1651851—33 18—5852—37 18—5653—1’ 18—5854.

854

Hence, condition (3) of Corollary 6.2 takes the form
0= vél) — véo).

Setvé)—vé)—O

Therefore, all fields v; = —0, for ¢ = 1,...,4 can be lifted and in U, they have the
same form. Therefore, the supermanifold corresponding to the cocycle of the 5th case is
homogeneous.

6.6. Theorem. Let supermanifold (CP', O) be isomorphic to the supermanifold deter-
mined by the cocycle

u® = 271610, + 2710206, + 17 0308, + 171040,
Then, (recall notation (2))

o(CP', 0)g =< —0,, 220, + 2V +V, 220, +V, &0, — &0k,

§10¢;, — &30¢,, §20¢, — §30¢,, £10¢, — 40¢,, §20¢, — Ea0g,, §30¢, — €40, >,
o(CP', O); =< —20¢, — £3€40¢, + £2640¢, — 230k,

—20¢, + £3840¢, — §1640¢; + §1830¢,, —0¢, — §2640¢, + §1840g, — £1€20¢,,
7I3§4 + 5253351 — 5153352 + 5162853, *8& for i=1,...,4 >.
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6.7 Case 6. Let uy =0, and uy = 27160,.
Consider the fields v; = —,, € b(CP',O,,) 1, where i = 1,...,4. Since [v;, ug] = 0,
then condition (2) of Corollary 6.2 is satisfied; it takes the form

where Uéj ) is holomorphic in U; for j = 0,1. Then, [v;, u4] should be cohomologous to 0.

Substituting the values of v; and w4, we see that [0, 2 '00,] = x716;0, which is a basis

cocycle (see Theorem 2.2). Hence, condition (3) of Corollary 6.2 is not satisfied.
Therefore, none of the fields —d¢, for i« = 1,...,4 can be lifted. Therefore, the super-

manifold corresponding to the cocycle of the 6th case is not homogeneous.

6.8 Case 7. Let ug = 27,0, and uy = 27160,
Consider v = —0¢, € v(CP', O )_1. Thanks to (6) and since

[Uqu] = [_85471.7151861] = _x71€2£3a§1

is holomorphic in Uy, set UEO) =/, and vgl) = —17 1630, + ', where v’ € o(CP', O,);.
Since [271010¢,, x7'¢2€30¢,| = 0, then condition (3) of Corollary 6.2 is of the form

[~ 8¢, 27180,) = v§” — v + [2716,05,, V).
Therefore,
x*1548x + [v’,afléla&] ~ 0.
Since v’ € b(CP', Oy )1, let us consider (recall notation (2))

V= Z (Akgk(xam +V)+ Bk§k8x>, where Ay, By, € C.

1<k<4

Then,
W, 27160, ] = — A2~ 160¢, + 3A100¢, — By 260, —
—(A1518$ - 214113_1(5851 -+ le_lélam])
= Alx”&?& — le*258§1 — 311'715183; + 314158& — Alél&t
~ A1$_15a51 — 23133_161833.

But then, for any A;, B; € C, we have
271040, + [V, x71010¢, ) ~ 271040, + AyaT 80, — 2B1x7 1610, # 0.

Therefore, the field —Jg, can not be lifted. This suffices to conclude that the super-
manifold corresponding to the cocycle of the Tth case is not homogeneous.
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6.9 Case 8. Let uy = x*1518§1 + x*1523§2, and uy = x7160,.
Consider v = —0¢, € b(CP', O,,)_;. Thanks to (6) and since

[’U, u2] = [_864793_151851 + x_152a§2] = _x_1€2€3a§1 + 1‘_16163852
is holomorphic in Uy, we set
v§0) =, o\ = —2 658306, + 17 11630;, + 0/, where v € b(CP', Og);.

Since
(271010, + 271 8208,, —17 1 0€30¢, + 171 E1€30,,] = 0,

then condition (3) of Corollary 6.2 is of the form
(0., 27100,) = 0§ — vf” + 176,06, + 2716,0,, V).

Therefore,
33'715481 + [UI, x*1518§1 + lﬁlan&] ~ 0.
Since v €0(CP} Oy )1, let us consider (recall notation (2))
V=3 (Akgk(g;ax +V) 4 Bk§k8x>,where A, By, € C.

1<k<4

Then,
[Ul, 1371518& + 177152852]
~ Alx’l&%l + A2$7158§2 — 2B1x*1518$ — QBQ$715261;.

But then, for any Ay, As, By, By € C, we have

1‘7154035 + [U/, 277151851 + 1’7152852]
~ l'_1548;,; + Alx_léaﬁ + AQ[B_Ida& — 2B1[E—1516x — 2821'_152836 ’76 0.

Therefore, the field —d¢, can not be lifted. This suffices to conclude that the super-
manifold corresponding to the cocycle of the 8th case is not homogeneous.

6.10 Case 9. Let
Uy = x*l(sla& + :1:452852 + x’1538§3, and uy = z7160,.
Consider v = —0,, € b(CP', O,,)_;. Thanks to (6) and since

[U, Ug] = [—654, x‘lélﬁgl + .I_légagz + 11_153653]
= —x 16830, + 2161630, — 7161620k,

is holomorphic in Uy, let us set vio) =, and

o = 07050, + 1 E3Dey — & 169D, + 0,
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where v' € 0(CP', Oy);.
Since [X,Y] = 0, where

X = 13_151851 + x‘152852 + $_1(53853,
Y = —$71§2§33§1 + Iflﬁfsagg - $71§1§23§37

then condition (3) of Corollary 6.2 is of the form
[0e,, 2700, = vV — 0l + [276,0¢, + 271020, + 830, 0.
Therefore,
.23_154895 + [UI, :1:_1(51051 + .I_léza& + 37_153853] ~ 0.

Since v' € b(CP', Oy )1, then we can consider (recall notation (2))

v = Z (Akgk(azaz + V) + kakax>7 where Ay, By, € C.

1<k<4

Then,
[’Ul, 33_1(51851 + m_léga& + x_153853]
~ Alx_15651 + A2$_158§2 + A3$_15a§3
—2311’71(518:3 — 232177152855 — 2331’71538:5.

But then, for any Ay, As, Az, By, By, By € C, we have
33_154333 + ['U,, l‘_lélaﬁ + .%'_1(52852 -+ 33'_153853]

~ 271040, + A1x7100¢, + Asx 100, + Azz 100, — 2B1x7 1010,
—2B2$_1(528$ - 2B3.Z'_1(53833 7(‘ 0.

Hence, the field —0g, can not be lifted. This shows that the supermanifold of the 9th
case is not homogeneous.

6.11 Case 10. Let t € C*. Let
Ug = t(f_lélagl + 33_152852 + $_1538§3 + .2?_1(54854), and Ug = x_léax .
Let v; = —0¢, € 0(CP', Oy)_y, where i = 1,...,4. Thanks to (6) and since

[Ui, ’LLQ] = [—8&, t(x‘ldlﬁgl + 37_1(52852 + x‘1536§3 + $_1(548§4)]
_1 (00 00 1ol 00
= —tg~! (Téaﬁ + 98 % + gg O + T§4854>

i

is holomorphic in U;, then set v%o) = ', where v/ € 0(CP', Oy);, and

00 00 09, 00
O L (s 72 3 e
(2] v —tx ( 3 O, + 3 O, + 3 Og, + 3 854) :
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We have [A, B] = 0, where

A= t($71518§1 + 937152852 + 337153853 + ZB71546§4),
B:=—tz™! (%5—%851 + ‘%a@ + %(23853 + %%a@) .

Hence, condition (3) of Corollary 6.2 is of the form
[—0¢;, 27160,]
= o§") — 0§ + [t(27018¢, + 17 020, + 1 030g, + 1040, ), V).
Therefore,
—2718,0, + tv', 2716108, + 17 1020¢, + 71030, + 171040, ] ~ 0.

Since v’ € v(CP', O, )1, take
V= Z (Akfk(xax +V)+ kak;@x), where A, B, € C.

1<k<4
Then,
[U/, l'_l(slagl + :c_1528§2 + SC_153(9§3 + 33'_154854]
= % (24007100, — Bya 200, — B '0u0, — Ay )
1<k<4
~ T (24471605, — 2Bya15,0, ).
But then, for B; = —2%, and B; = 0 for j € {1,...,4 | j # i}, and Ay = 0 for

k=1,...,4, we have
—x*éﬁx + t[’l/, 11771(51851 + x’1628§2 + 337153853 + ZE71(54@§4]
S <2Akx‘168§k - 2ka—15kax) ~ 0.

1<k<4
Thus, all fields —0, for ¢ = 1,...,4 can be lifted. Hence, the supermanifold corre-
sponding to the cocycle of the 4th case is homogeneous.

6.7. Theorem. Let supermanifold (CP',O) be isomorphic to the supermanifold deter-
mined by the cocycle

u® = t(2710,0¢, + 171090, + 21030, + 2 10408,) + 27160,
Then (recall notation (2)),

o(CP*, O)g =< =0y, 220, + a2V — tw — 60, 220, + V,
§10¢, — £20¢,, §10g, — £30¢,, £20¢, — &30k,
51854 - 548513 52654 - 548527 53854 - 54353 >, where w = Z 618577

1<i<4
o(CP", O); =< —0¢, — 556i0y, i=1,....,4,
—x0¢, + t(—E3840¢, + £2640¢, — £2630¢,) — 561 (205 + V) + 610,
—20¢, + (36406, — &1640e, + £1€30¢,) — 2%:62(20, + V) + 620,
—20¢, + t(—£2840¢, + £1€40¢, — £1620¢,) — 5:3(20, + V) + 030,
—20¢, + (26306, — &1630e, + £1620e,) — %:64(20, + V) + 640, > .
6.8 Theorem (Summary). The supermanifold isomorphic to one of the supermanifolds
of cases 1 — 5 or 10 is homogeneous; it is not homogeneous in cases 6 — 9.
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7 Description of v (M) for homogeneous superstrings M with retract
cp'i

The cases are numbered as in Theorem 5.3. We reproduce here the bases found in §2.3,

and multiplication tables. In all cases (recall notation (2)),

h:=le, f] = 220, + V and [h, e] = 2¢, [h, f] = —2f.

1. Fact (well-known): o(CP'™) ~ pgl.(4]2).
2. o(CP', 0)5 = (e, f, hya; | i=1,...,12), where

e =12%0, + 2V — 8,0¢,, [ = =0, a1 =—10, — &0y,

ay = —x0, — 53353, az = —x0, — 54354, a4 = —52351, as = —528537
ag = _528547 a7 = _53852’ ag = _538517 Qg = _538547 a1 = _54852)
ay; = —54353, Q12 = —f4a§1§

b(CP', O); = (2, i = 1,...,14), where

Rl = _851? zg = _8527 z3 = _8€3a 24 = _aﬁu 5 = _528&:7

26 = _638327 27 = _£4ax7 8 = _xaéu Z9 = _52(xax + V)a

210 = —&3(00, + V), 211 = —&4(20, + V), 2190 = —00g, + &340k, ,
213 = —x0g, — £2640¢,, 214 = —x0¢, + £2630, .

[h,a;] = [e,a;) = [f,a;] =0 forall i=1,... 12.

[ ) ] ayp Az Az a4 as Qg ar as Qg a0 a11 a2
aq 0 0 0 —ay —as —ag ay 0 0 aio 0 0
a9 0 0 0 0 as 0 —a7 —asg —ag 0 al 0
as 0 0 0 0 0 ag 0 0 ag —aijo —ai1  —ai2
ay as 0 0 0 0 0 asg 0 0 a2 0 0
as as —as 0 0 0 0 az—ai —aq —ag a1 0 0
Qg ag 0 —ag 0 0 0 a9 0 0 az—aq —as —aq
ay —ary ar 0 —ag a1—ag —ag 0 0 0 0 aio 0
as 0 asg 0 0 aq 0 0 0 0 0 aio 0
Qg 0 ag —ag 0 ag 0 0 0 0 —ar7 az—az —as
Q1o —a1o 0 —a1p —aiz2 —ai1 ai1—as 0 0 ar 0 0 0
a1y 0 —ai1  a11 0 0 as —ai2 —aig a2—as 0 0 0
a12 0 0 a2 0 0 aq 0 0 asg 0 0 0
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]|z 20 2z 24 25 2 2r 2z 29 20 21 Z12 213 24
€ —2z8 —z12 —213 —214 —29 —=z10 —211 O 0 0 0 0 0 0
f 0 0 0 0 0 0 0 —2z1 —25 -2 —271 -2z —z3 —24
h —2z1 —z2 —23 —2Z4 —25 —26 —2Z7 28 z9 210 Z11 Z12 z13 Z14
aq 0 z2 0 0 0 26 27 —z8 —29 0 0 0 —z13 —214
a9 0 0 23 0 25 0 27 —28 0 —210 0 —2z12 0 —Zz14
as 0 0 0 24 25 26 0 —2z8 0 0 —211 —Z12 —Z13 0
ay 0 z1 0 0 0 0 0 0 0 0 0 28 0 0
as 0 23 0 0 0 —z5 0 0 0 —29 0 —2z12 0 0
ag 0 Z4 0 0 0 0 —2z5 0 0 0 —Zz9 214 0 0
ay 0 0 z9 0 26 0 0 0 —210 0 0 0 212 0
as 0 0 z1 0 0 0 0 0 0 0 0 0 28 0
(075} 0 0 Z4 0 0 0 —26 0 0 0 —210 0 24 0
Q10 0 0 0 22 —z7 0 0 0 —211 0 0 0 0 212
a1 0 0 0 23 0 —z7 0 0 0 —211 0 0 0 213
a2 0 0 0 z1 0 0 0 0 0 0 0 0 0 28
]|z 2 23 24 25 2 & % 20 21 Z12 213 2l
21 0 0 0 0 0 0 0 0 a4 asg aio 0 0 0
V) 0 0 0 0 —f 0 0 0 ai+h a7 aio 0 —a12 as
zZ3 0 0 0 0 0 —f 0 0 as a2+h a1 alz 0 —ay
Z4 0 0 0 0 0 0 —f 0 asg a9 az+h —ag a4 0
zZ5 0 —f 0 0 0 0 0 —ay 0 0 0 —a1 —as —ag
Z6 0 0 —f 0 0 0 0 —as 0 0 0 —a7 —az —ag
27 0 0 0 —f 0 0 0 —ai2 0 0 0 —aip —ai1 —as
Z8 0 0 0 0 —a4 —ag —ai2 0 0 0 0 0 0 0
29 ay ai+h as ag 0 0 0 0 0 0 0 e 0 0
210 as a7 as+h ag 0 0 0 0 0 0 0 0 e 0
211 ais  aig a11  asz+h 0 0 0 0 0 0 0 0 0 e
212 0 0 aiz —ag —a1 —a7 —aig 0 e 0 0 0 0 0
213 0 —ai2 0 ay —a5 —a2 —aii 0 0 e 0 0 0 0
214 0 asg —ay 0 —ag —ag —as 0 0 0 e 0 0 0

3. We have v(CP*, O); = (e, f,h,a; | i =1,...,9), where

e = l’zax + ZL‘V — 518& — 52652, f = —ax, a; = —:1:81, — 53853,
Ao = _xax - 548547 az = 51852 - 528517 Qg4 = _536517 a5 = _636527
ag = —&30¢,, a7 = —&40¢,, ag = —€40c,, ag = —&40c,;

o(CP', O)y = (2 |i=1,...,12), where

21 = _6517 Zy = _8527 z3 = _8537 24 = _8647 25 = _636.%7

26 = =840y, 27 = —w0¢; — §3840s,, 28 = —x0e, + £3640s,

29 = —x0g, — §2640¢, + &840, 210 = —x0¢, + 2830z, — £1830;,,
= =820, + V), 219 = —&(20; + V).
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(h,a;] = [e,a;] = [f,a;] =0, i=1,...,9.
[, ] a as as ay as ag ar ag ag
ay 0 0 0 —Qy —as —Qg 0 0 ag
as 0 0 0 0 0 ag —ay —ag —ayg
as 0 0 0 —as ay 0 —asg ay 0
ay ay 0 as 0 0 0 0 0 ay
as as 0 —Qy 0 0 0 0 0 as
ag ag —Qg 0 0 0 0 —Qy —as a9 — Ay
ay 0 ay as 0 0 ay 0 0 0
as 0 as —Qry 0 0 as 0 0 0
Qag —ag ag 0 —ary —dasg a; — ag 0 0 0
LIl s = oz ?4 %5 %6 27 k8 29 Z10 11 12
€ —RZ7 —R8 —R9 —RZ10 —R11 —X12 0 0 0 0 0 0
f 0 0 0 0 0 0 —2z1 —29 —2z3 —24 —25 —2
h | =21 —20 —2z3 —24 —25 —2 21 Z8 29 210 211 212
ay 0 0 Z3 0 0 Z6 —R7 —RZ8 0 —Z10 —X11 0
ag 0 0 0 Z4 zZ5 0 —Rk7 —Rg —X9 0 0 212
as | —z2 21 0 0 0 0 —2z 2z 0 0 0 0
N 0 0 =z 0 0 0 0 0 2z 0 0 0
as 0 0 2z 0 0 0 0 0 2 0 0 0
Qg 0 0 Z4 0 0 —Z5 0 0 210 0 0 —Z211
ar 0 0 0 21 0 0 0 0 0 27 0 0
as 0 0 0 29 0 0 0 0 0 28 0 0
Qg 0 0 0 zZ3 —Z6 0 0 0 0 29 —Z12 0
B <3 Z4 5”6 AT "8 k9 k10 A1l *12
21 0 0 0 0 0 0 0 0 asg —as a4 ar
z9 0 0 0 0 0 0 0 0 —a7 ay as ag
zZ3 0 0 0 0 —f 0 —asg az 0 —a3 ai+h ag
Z4 0 0 0 0 0 —f as —aq as 0 ag as+h
zZ5 0 0 —f 0 0 0 —a4 —as —ai —ag 0 0
Z6 0 0 0 —f 0 0 —a7y —ag —ag —a2 0 0
pird 0 0 —asg ar —aq4 —a7y 0 0 0 0 0 0
z8 0 0 ar —ay —as —asg 0 0 0 0 0 0
29 ag —ar 0 as —a1 —ag 0 0 0 0 e 0
210 —as aq —as 0 —ag —a2 0 0 0 0 0 e
211 a4 as ai1+h ag 0 0 0 0 e 0 0 0
Z192 a7 as ag as+h 0 0 0 0 0 e 0 0

4. v(CP', 0); = (e, f,h,a,a; | i =1,...,6), where
e =220, +aV — 810¢, — 620¢, — 030e,, [ =

a; = 51852 - 528517 Ay = 51853 - 538517 az = 52853 - 538527
a4 = _€4a§17 as = —64852, ag = _54853;

—&E, a = —:c@m — 54854,
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o(CP', O); = (2 |i=1,...,10), where

21 = —851, 2o = —852, 23 = —853, 24 = —5481, 25 = —854,

26 = _xaﬁl - 5354662 + 52548537 7 = —:Ea& + 5354851 - 51548537
2 = —20g, — 2640, + &18408,, 29 = —E4(20, + V),

210 = — 20, + §2830g, — £1€30e, + 1620k,

[h,v] = [e,v] = [f,v] =0, where v € {a,a;]i=1,...,6}.

[, ] a a as as ay as ag
a 0 0 0 0 —ay —as —ag
aq 0 0 —as Qo —as Qs 0
as 0 as 0 —a — Qg 0 ay
as 0 —Q9 ap 0 0 —Qg as
Qg ay as ag 0 0 0 0
as as —Aay 0 Qg 0 0 0
ag ag 0 —ay —as 0 0 0
[ ) ] <1 <2 <3 <4 <5 <6 <7 <8 <9 <10
€ 0 0 0 0 0 —Z1 —R9 —Z3 —RXk4 —RX5
f —Zg TRy —R8 —R9 —Z10 0 0 0 0 0
h | =21 —20 —23 —24 —25 % <7 <8 <9 <10
a 0 0 0 0 25  —Z2g —27 —z8 —Z9 O
ar | —za 21 0 0 0 —Z7 % 0 0 0
[¢5) —Z3 0 Z1 0 0 —Z8 0 Z6 0 0
as 0 —Z3 29 0 0 0 —2Z8 z7 0 0
ay 0 0 0 0 21 0 0 0 0 26
as 0 0 0 0 29 0 0 0 0 27
ag 0 0 0 0 23 0 0 0 0 23

[ ) ] <1 <2 <3 <4 <5 <6 <7 <8 <9 <10
21 0 0 0 0 0 0 —ag a5 as  —das
z9 0 0 0 0 0 Qg 0 —Qy as a9
z3 0 0 0 0 0 —das ay 0 Qg —a
24 0 0 0 0 —f —as —as; —ag 0 —a
25 0 0 0o —f 0 as —ay a a+h O
26 0 ag —as —as as 0 0 0 0 0
Vard —Qg 0 ay —as —a2 0 0 0 0 0
z8 as —Qy 0 —0g ap 0 0 0 0 0
Zg | ag as  ag 0O a+h O 0 0 0 e
Zi0 | —as ay —a; —a 0 0 0 0 e 0

5. o(CP', 0); = (e, f,h,a; | i=1,...,6), where

e = 37281 + 2V — w, f = —&B, a; = 51852 — 52(‘951, ay = 51853 — 53851,
as = 51354 - 543517 a4y = 52353 - 533§2= as = 52354 - 54352,
ag = §36§4 - 54853;
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o(CP',O0); = (% |i=1,...,8), where

21 = —8&, 29 = —852, 3 = _aéga 24 = —8,54,
25 = —xagl - 5354852 + 5254363 - 5253354,

26 = —x0¢, + £3840¢, — £1640e, + £1830¢,,

27 = =20, — £2640¢, + £1640e, — £1620¢,,

2y = —x0g, + §830g, — —&1830¢, + £1620k;.

[h,a;] = [e,a;]) = [f,a;] =0, i=1,...,6.
Direct computations show that v(CP', O)5 ~ sly @ sly @ sls.

[ y ] Z1 V) z3 Z4 zZ5 26 z7 Z8
e —25 —2g —27 —28 0 0 0 0
f 0 0 0 0 —Z1 —2Z9 —2Z3 —Z4
h —Z1 —2Z9 —Z3 —2Z4 25 26 z7 Z8
aq —2Z29 21 0 0 —2Z6 Z5 0 0
Q9 —2Z3 0 21 0 —Z27 0 Z5 0
as —2Z4 0 0 21 —28 0 0 25
ay 0 —2z3 29 0 0 —27 26 0
as 0 —Z4 0 29 0 —Z8 0 26
Qg 0 0 —Z4 Z3 0 0 —XZ8 Vird
[, ] 21 29 23 24 25 26 27 28
21 0 0 0 0 0 —Qg as —asg
Z9 0 0 0 0 Qg 0 —Qy4 ao
z3 0 0 0 0 —das ay 0 —ay
Z4 0 0 0 0 as —as aq 0
Zs5 0 ag —as as 0 0 0 0
26 —ag 0 ay4 —ao 0 0 0 0
27 as —ay 0 ay 0 0 0 0
z8 —das a9 —a 0 0 0 0 0

Let (o1, 09,03) # (0,0,0) and 014+ 02+03 = 0. In [BO1], the family of Lie superalgebras
['(01, 09, 03), discovered by Kaplansky [Kapp*], [Kap*], is described. Observe that the Lie
superalgebra o0sp(4|2; o), where o = Z—] for o; # 0, is simple except for a = 0 or —1.

Since I'(0y, 09, 03) ~ I'(01, 04, 0%) if and only if (0], 0%, 04) = a(oy, 02, 03), where a € C*
and the triple o differs from ¢’ by a permutation of its components, see [BGL*], it follows
that v(M) is isomorphic to I'(1, —1,0) = osp(4/2; —1).

10. We have v(CP', O)5 = (e, f,h,a; | i =1,...,6), where

e =120, + a2V — tw — 00,, f = —0,,
ay = 51352 - 528517 Qo = 51353 - (533517 a3 = 51854 - 543517
ay = &0¢;, — &30e,, a5 = §20g, — 405, a6 = §30¢, — §40¢;;
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o(CP',O0); = (% |i=1,...,8), where
2 = _851 - %glama Zo = _852 - %528907
23 = —0¢ — 5:630,, 21 = —0¢, — 640,
25 = —20g + t(—€3840g, + 26406, — §2630;,) — 5;61(20, + V) + 0105,
25 = —10g + 163640, — £1640¢; + §1630¢,) — 5;62(20, + V) + 020,
27 = =20, + (=840, + §1640e, — §16208,) — 5:63(20, + V) + 850,
zZ8 = —517(954 + t(fzfga& — 5153852 + 5162853) - %'54(‘%833 + V) + 54890
le,a;) = [f,ai] = [h,a;] =0, i=1,...,6.
Direct computations show that v(CP', Q)5 ~ sly @ sly x sls.
[, ] 21 29 23 24 25 26 27 28
f 0 0 0 0 -2 —29 —23 —24
e Zs5 Zg 27 28 0 0 0 0
h Z1 Z9 z3 Z4 —Z5 —Z6 —Z7 —Z8
aq —2Z9 Z1 0 0 —2Z6 Z5 0 0
a9 —2Z3 0 Z1 0 —2Z7 0 Z5 0
as —Z 0 0 21 —28 0 0 25
ay 0 —23 29 0 0 —27 26 0
as 0 —2y 0 29 0 —2g 0 26
ag 0 0 —Z4 zZ3 0 0 —Z8 Vard
[, ] 2! <2 Z3 24 25 <6 27 Z8
21 —%f 0 0 0 Q%h —ta6+2ita1 ta5+2%a2 —ta4+2%a3
Z9 0 —%f 0 0 tag—%m %h —ta3+%a4 ta2+%a5
zZ3 0 0 7%f 0 7ta57%a2 tagf%(u %h fta1+%a6
Z4 0 0 0 f% ta4f$a3 7ta27$a5 talfiaa ih
zZ5 ih —tae—i-ial ta5+%a2 —ta4+%a3 %e 0 0 0
Z6 taa—%tal Q%h —ta3+2ita4 ta2+%ta5 0 %e 0 0
27 —ta5—%a2 tag—%azl ih —taﬁ,—%ae 0 0 %e 0
z8 ta47%a3 7ta27%a5 talfiag %h 0 0 0 %e

Comparing the above table with the tables in [BO1] we deduce that this Lie superal-

gebra
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